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Statement of the problem

f:AxB,xBs— AxRYxR®

A is compact manifold without a boundary (A =5
| A x B, x Bs
v y
A X <« 7 4+—> v ?
A <« 75> 0
| f
— X

Do we have an invariant manifold in A x B, x B?
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Normally hyperbolic invariant manifold theorem

D=Ax B, x B D=Ax B, x Bs
y y
v
T+— »% T %
| —> X
—> X
f:D— AXR? fo=1F+eg
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Normally hyperbolic invariant manifold theorem

D=A x B, x Bs D=Ax B, x Bs
y y
T . / T /
«— > 0 0
‘ —> X
—> X
f:D— A xIR?

@ we start with the region D and devise conditions which ensure the
existence of the manifold

@ the conditions are verifiable with rigorous numerics
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Local maps

Topological conditions (covering relations)

D=A x B, x B f
—
“Ucuca

. -
=, - 4

—> X

{V;} and {U;} are coverings of A

fiii (Vj X By X Bs) C Ug x RY X R®
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Cones y f, %
I —»x/; — /9'

—> X
In local coordinates we define

Q0. x,y) = |Ix|I* = llyll* — lle]I?

Horizontal cone Q > 0: For each point g € D we have
local coordinates which
contain cones starting from gq.

Q=aand @Q=bfor0< a< b:

v
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Cone conditions y f, %
=, - 7

m> 1. If Q(x1 — x2) > 0 then

Q(fri(x1) — fii(x2)) > mQ(x1 — x2)

Horizontal cone Q > 0: For each point g € D we have
local coordinates which
contain cones starting from gq.

Q=aand @Q=bfor0< a< b:

v
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Horizontal discs y @ f, %
B, - 7

If Q(Xl — X2) >0 then Q(fk;(Xl) — fk;(Xz)) > mQ(xl — X2>

A hgrizontal disiz - A horizontal disc which
b:B, — V;x By, x Bs satisfies cone conditions:

r r

i

i

Lemma

An image of a horizontal disc which satisfies cone conditions is a
horizontal disc which satisfies cone conditions.
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Horizontal discs y @ f, %
B, - 7

If Q(Xl — X2) >0 then Q(fk,-(xl) — fk;(Xz)) > mQ(x1 — X2>

Lemma

An image of a horizontal disc which satisfies cone conditions is a
horizontal disc which satisfies cone conditions.

Proof.
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Horizontal discs y @ f, %
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Horizontal discs y @ f, %
B, - 7

If Q(Xl — X2) >0 then Q(fk,-(xl) — fk;(Xz)) > mQ(x1 — X2>

Lemma

An image of a horizontal disc which satisfies cone conditions is a
horizontal disc which satisfies cone conditions.

Proof.

\,,(/9v /9v
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Forward iterations y @ f, %
=, - 7

If Q(Xl —X2) >0 then Q(fk,-(xl) — fk;(Xz)) > mQ(xl — X2>

Lemma

For any 8y € A we have a vertical disc of points in {8p} x B, x Bs which
stay inside of A x B, x Bs.

Proof.
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Main Result yT @/; j, %/9‘

If Q(Xl — Xg) >0 then Q(fk,'(Xl) — fk,'(Xg)) > mQ(X1 —X2)

Theorem

If f and f~! satisfy the the topological and cone conditions then there
exists a CO map x : A — A x B, x Bs such that

X(A) =inv(f, A x B, x By)

and CO stable and unstable manifolds W<, WY,

Proof
a vertical disc of forward invariant points:
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If Q(Xl — Xg) >0 then Q(fk,'(Xl) — fk,'(Xg)) > mQ(X1 —X2)
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Proof
a horizontal disc of backward invariant points:

T x 6,
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Main Result yT @/; j, %/d

If Q(Xl — X2) >0 then Q(fk,'(Xl) — fk,'(Xg)) > mQ(X1 —X2)

Theorem

If f and f~! satisfy the the topological and cone conditions then there
exists a CO map x : A — A x B, x Bs such that

X(A) =inv(f, A x B, x By)

and CO stable and unstable manifolds W<, WY,
Proof

gives x(6) := g

T x 6,
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Foliation of W*

A very simple example

y' =2y
0 =0
y(t) = yoe 2"
G(t) = Qoe_t

Vertical cone: V >0

V(. x.y) = —l6]I* = x| +IlylI?
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Foliation of W*

A very simple example

y' =2y
0 =0
y(t) = yoe 2"
G(t) = Qoe_t

Vertical cone: V >0

V(. x.y) = —l6]I* = x| +IlylI?
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Foliation of W*

Foliation conditions

0<B<A q1#q
Q If V(g1 — q2) > 0 then [|7t, (f(q1) — f(a2))|| < Bll7ty (g1 — )|

V(0. x,y) = —[0]* = [Ix]I* + lly]I?
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Foliation of W*
Foliation conditions \ /
"

V>0 V=c<0 V=A%

0<B<A q1#q
Q If V(g1 — q2) > 0 then [|7t, (f(q1) — f(a2))|| < Bll7ty (g1 — )|

Q If V(g1 — q2) < 0 then V(f(q1) — f(q2)) < A%V (q1 — q2)

V(0. x,y) = —[0]* = [Ix]I* + lly]I?
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Foliation of W*

Foliation conditions

V>0 V=c<0, V=A%

0<B<A q1#q
O If V(g1 — q2) > 0 then |ty (f(q1) — f(g2)) || < Bll7ty (a1 — q2) ||

@ If V(g1 — q2) <0 then V(f(q1) — f(q2)) < A?V(q1 — q2)

V(0. x,y) = —[0]* = [Ix]I* + lly]I?
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Foliation of W*

0<B<A q1 # V>0 V=c<0, V=A%

Q If V(g1 — g2) > 0 then |7, (f(q1) — f(q2))ll < Bll7ry (g1 — q2) |
Q If V(g1 — q2) < O0then V(f(q1) — f(q2)) < A2V (q1 — q2)

Theorem
For each q € x(A) there exists a vertical disc b = W; i.e.

177(b(y)) = f"(a)]| < CB"[|b(y) — 4l

f(q)
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Foliation of W* y

0<B<A q1 # V>0 V=c<0, V=A%

O If V(g1 — q2) > 0 then |ty (f(q1) — f(q2)) || < Bll7ty (g1 — q2) |
Q If V(g1 — q2) < O0then V(f(q1) — f(q2)) < A2V (q1 — q2)

Theorem
For each q € x(A) there exists a vertical disc b = W; i.e.

177(b(y)) = f"(a)]| < CB"[|b(y) — 4l

. —> e —>
fk(q

\;:;; B /97 0
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0<B<A q1 # V>0 V=c<0, V=A%

O If V(g1 — q2) > 0 then |ty (f(q1) — f(q2)) || < Bll7ty (g1 — q2) |
Q If V(g1 — q2) < O0then V(f(q1) — f(q2)) < A2V (q1 — q2)

Theorem
For each q € x(A) there exists a vertical disc b = W; i.e.

177(b(y)) = f"(a)]| < CB"[|b(y) — 4l

fk(q

\;:;; B /97 0
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Foliation of W* y

0<B<A q1 # V>0 V=c<0, V=A%

O If V(g1 — q2) > 0 then |ty (f(q1) — f(q2)) || < Bll7ty (g1 — q2) |
Q If V(g1 — q2) < O0then V(f(q1) — f(q2)) < A2V (q1 — q2)

Theorem
For each q € x(A) there exists a vertical disc b = W; i.e.

177(b(y)) = f"(a)]| < CB"[|b(y) — 4l

Proof. " pk — b(),

I 1£7(b(y0)) — (@) || < CB"[|b(y0) — gl

> —%
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Foliation of W* y

0<B<A q1 # V>0 V=c<0, V=A%

O If V(g1 — q2) > 0 then |ty (f(q1) — f(q2)) || < Bll7ty (g1 — q2) |
Q If V(g1 — q2) < O0then V(f(q1) — f(q2)) < A2V (q1 — q2)

Theorem
For each q € x(A) there exists a vertical disc b = W; i.e.

177(b(y)) = f"(a)]| < CB"[|b(y) — 4l

px — b(yo),
[£7(b(yo)) — F"(q)l| < CB"l|b(y0) — 4l
1£"(p1) — f"(p2)|| < B"c1
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Foliation of W* y

0<B<A q1 # V>0 V=c<0, V=A%

Q If V(g1 — q2) > 0 then [|7, (f(q1) — f(a2))|l < Bll7ty (a1 — )|
Q If V(g1 — q2) < O0then V(f(q1) — f(q2)) < A2V (q1 — q2)

Theorem
For each q € x(A) there exists a vertical disc b = W; i.e.

177(b(y)) = f"(a)]| < CB"[|b(y) — 4l

px — b(yo),

[£7(b(yo)) — F"(q)l| < CB"l|b(y0) — 4l
[£7(p1) — " (p2)|| < B"c1

[£7(p1) — £"(p2)[| > A"c2 1!
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Foliation of W* y

0<B<A q1 # V>0 V=c<0, V=A%

O If V(g1 — q2) > 0 then |ty (f(q1) — f(q2)) || < Bll7ty (g1 — q2) |
Q If V(g1 — q2) < O0then V(f(q1) — f(q2)) < A2V (q1 — q2)

Theorem
For each q € x(A) there exists a vertical disc b = W; i.e.

177(b(y)) = f"(a)]| < CB"[|b(y) — 4l

, > px — b(yo),

Proof.

I 1£7(b(0)) — f"(q)[| < CB"[[b(x0) — qll
, 1F7(p1) = " (p2)|| < "1

. = |f"(p1) — " (p2)]| > A2 nom
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What can we do so far?

| A x B, x Bs
v y
A X 1+ 7 +——> T v 7/V
<«
i e
1

@ We have a normally hyperbolic invariant manifold in A x B, X Bs
@ We have it's stable and unstable manifolds W* and WY
@ We have foliations of W* and WY

Question:
How can we verify our assumptions in practice?

S.I.M.S. Workshop Normally Hyperbolic Manifolds Barcelona, 1 Dec. 2008 15 / 18



Verification of conditions

T/H%

If Q(Xl —X2) >0 then Q(fk;(Xl) — fk,'(Xz)) > mQ(X1 — X2)

We need
H?’_f"l <C € €
orY) — e 2|z
€ € H%—ff <p
where
p<C<u

with B < 1 < « and ¢ appropriately small.
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Example of applications
Rotating Hénon map y
| bt 7%
- —> X
f=0+w (mod 1),
X =1+y — ax?® +ecos(2m0), €>0
Y
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Example of applications

Rotating Hénon map — /
I ( lyD 6

0=0+w  (mod1),
X =14y — ax?® + ecos(270),
y = bx

Fora=10.68 b=01lande<1
A C U =T x [xg — 1.1, xo + 1.1¢] x [yo — 0.12¢, yo + 0.12¢],

where

—(1=b)—\/A—-b2+4
X0 = ( ) 23( ) T 3%_204331

Yo = bxg ~ —0.204 33.
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Closing remarks

The method works in a more general setting.

We do not need an invariant manifold to start with.

@ If we start with an invariant manifold then we can estimate the size of
the perturbation for which it survives.

@ We only know that the invariant manifold, WY, W?, and foliations
are CO.
@ The method still waits to be tested on a more challenging example.
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