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Tsiolkovsky formula

Tsiolkovsky Formula

AV:uIn%

k

M, is the initial total mass, including propellant in kg

M, is the final total mass in kg
U Is the effective exhaust velocity inm/s  u=1gg,

AV IS the delta-v in m/s
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Chemical rocket engine

Chemical rocket engine used on carrier rocket Chemical rocket engine used on satellite
Thrust: 10-50tons, Specific Impulse: 300s Thrust: 490 N, Specific Impulse: 290s




Low-thrust engine

Busek 600 W Hall Thruster Cluster
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Chemical rocket Isp=300s
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Low-thrust engine Isp=4100s

Orbit transfer using chemical rocket:
The orbit maneuvers are assumed as Impulse of the Velocity. The whole
trajectory is consisted by a series of unpowered arcs, which are connected

with each other by these ‘impulses’.

Orbit transfer using low-thrust engine:

The orbit maneuver needs a long time. So

the Impulse Assumption can

not be used in the low-thrust orbit design and optimization. We need

some new methods to deal with this kind of problem.



Functional and its variations

Suppose that x is a continuous function of t defined in the interval [¢0, tf ] and

umzﬂxmm

J(X) is a functional of the function x(t). Roughly speaking, the functional is the
function of function. The variation plays the same role in determining extreme
values of functional as the differential does in finding maxima and minima of
functions
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Necessary conditions for optimal control (1)

There Is a dynamical equation of a system.
x(t) = f(x(t),u(t),t)

The problem is that to find an admissible control u* that

causes the system to follow an admissible trajectory x* that
minimizes the performance index:

J(u) = O(x(t, ), t) + [ L(x(t),u(t), t)dt

We shall initially assume that the admissible state and
control regions are not bounded, and that the initial
conditions x(t,) = x, and the initial time t, are specified.

If @ iIs a differentiable function, we can write

D(x(t).1,) = [ PKO.DBE+ (). )



Necessary conditions for optimal control (I1)

So that the performance index can be expressed as

I = [ {LEO.u0.0 + PKODIHE+ D))

Sincex(t,) and t,are fixed, the minimization does not affect
the d(x(t,),t,) term, and using the chain rule of
differentiation, we find that J(u) becomes

5? (x(t),t)}dt

J(u) = f {L(x(t),u(t),t) n [%(x(t),t)} (0 + -

To include the differential equation constraints, we form
the augmented functional

J ()= 4 {L(x(t),u(t),t) + [ag(x(t),t)} (0 + 22 (x(0).1) +
ty OX ot

AT (O[F(x(D),u(),t) - x(t)]}dt



Necessary conditions for optimal control (l1l)

| et’s define ;
L, (x(t), x(t),u(t),A(t),t) = L(x(t),u(t),t) + [%(X(t),t)} x(t) +

é;if(x(t),t) + 2T (O[F(x(1), u(t).t) - X(1)]

We shall assume that the end points att =t, can be specified
or free. To determine the variation of J_, we introduce the
variations sx, 5x,ou, 5 and ot . .

5),(u)=0=

OX

)’((tf)}&f +
Ly

ts

J \ [aLa _d aL.a}éx(tn T su(t) + 2 () o
t, ox dt ox ou O\

Notice that the above result is obtained because u(t) and i(t)
do not appear in L.
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Necessary conditions for optimal control (1V)

If It assumed that

the second partial derivatives are

continuous, the order of differentiation can be

Interchanged. In t

j {a—H x(t)—+dix(t)

OX 1),

ne Integral term we have, then,

oL

Sx(t) + L}— T k(t)—}5u(t) +[f - x(t)]am(t)}dt

u ou

The integral must vanish on an extremal regardless of the
boundary conditions. If we defineH =L +"f, we can observe

that the constraints

(% =f(x"(t),u’(t),t)

i 8H
\ 8x
8H 0

8u
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Necessary conditions for optimal control (V)

There are still the terms outside the integral to deal with;
since the variation must be zero, we have

[@(X*(tf),tf)_)&(tf)}é&f +|:H‘t —I—ag(x*(tf),tf)}é'tf =0
0).¢ B

So we obtain the boundary condition.
oD , .
H|tf :_E(X (t;).t;)

A(t,) :a@%’(x*(m,tf)
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Boundary conditions

x(ry x(1)

Xf————————— = —
X
z / @(t), the locus
at point b

of admissible
| values for x(t/)

xo [——

Final states on the moving point

Free time and fixed end point Free time and free end point
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Boundary conditions

Problem Description Variations Boundary-condition
X(7,)=x
( ..r) f LSXf — Jx(ff) =0 Xx(fs) =X,
specified final St =0 x (f,)=x,
r, fixed state
5x, = 5x(t,) X (1) =X,
x(t,) free o .
: ot =0 - (1,)=0
X(t,) =X, X (1)) =%,
. ox,=0 X(I)ZKI
specified final '
H(x(r)u(r)»(r)r)Jr (x(r)r) 0
state
t. free .
) X (f) =%,
x(r,) free —h(1;)=0
H(x (rf) u (rf) i (f )=0
x (1) =X,
x(f,) onthe X (1,)=0(7,)
” . &0
OXy {E(IH}W; H(x'(1,).u'(t,).2" (¢ }rf)+ (.1 (tr).1,)

moving point
0(r)

+|:a(x I:Ff).ff:l—}. ( )JI 0? (i‘ ):|:
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Dynamical Equations of Classic Orbital Elements

Dynamical equations of classic orbital elements can be written as follow:

f +
h hr

(. 2a%sinv ,  2a’p ‘
- t

1. 1
e== p5|nufr+ﬁ[(p+r)cosz)+ re ] f,

_ rcos(w+v) f

n

h

& rS|n(-C()-|-U) .
hsini

;—_ Pcosv fr+(p+r)smu ft_rS”'](C()'-FU-)COSl f
he he hsini

M :n+¥%h[(pcow—2er) f.—(p+r)sinvf, |

We can find that when ‘i’ or ‘e’ equal to zero, the dynamical equations will
become singularity. In low-thrust transfer, the orbital elements is changed

continuous, so the singularity could hardly be avoided.
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Modified equinoctial elements

In order to avoid the singularity, we need to use a set of no singularity elements.

The modified equinoctial elements is a good choice. The modified equinoctial
elements and its dynamical equations are defined as follows:

I0=a(1—e2) \/72pf

f =ecos(w+Q) f
f sin L+[ 1+w)cosL + f]—— hsinL—kcosL) "

g=esin(o+Q) u
h=tan(i/2)cos 02 g:\/E{—frcosL+[(1+w)sin L+g]£+(hsin L-kcosL) r f“}
k=tan(i/2)sinQ ) H w w
2
L=Q+w+v h:\/ES fnCOSL
u 2w

2
k':\/EﬂsinL
u 2w

L= \/7( j \/;hsmL kcosL) f,

Where w=1+ fcosL+gsinL
s’ =1+h°+k°
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Necessary conditions for this model

The dynamical equations can be describe in matrix form.

(. T
x:BGXS(_a-i_fpj—i_Dle
m

. T
m=—
golsp
] T
0 Q\ﬁ 0 D=[00000d]
w\ u I
\/EsinL \/E[(W+1)COSL+1°]£ - B[hsinL—kcosL]g d= Vﬂp(g}
u u wo\u w
1

—\/EcosL \/E[(w+1)sinL+g]— \/E[hsinL—kcosL]i o
1 u wo \u "1 1, -specific impulse of the thruster

2

0 0 BS—cosL

p 2w g, - acceleration of gravity at sea level
0 0 PS5 GinL
M 2W
0 0 %\/%(hsinL—kcosL)_
The Hamiltonian can be defined as:
H= iTBal+2,Ld - A L+7/(1—05Toz)
m I, 90
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Necessary conditions for this model

By using the control equation, we can obtain the optimal control:

B
a_l_l* — O - a* — u
Oa HATBH
By using Pontryagin minimal principle, the Hamiltonian should always be
minimized. So we can get a switch function.

H_na 7B 4

'=—=1B u
oT m gyl m ol
T=0 I'>0
{TTmax I'<0
0<T<T,, I'=0

The co-state equations are determined as follow:

f. a
ﬂz—aH =(—ZT a—Bal—/ILﬁ]-k L a_pr_ﬂLBﬁ
0x ox

E ox m ox
Go=- D i BaL | B|
{ om m m

The boundary condition:

0
A(t) =2

X i,

oy

+
/ OxX

.
%, (8_(/1) y+H| =0
~ o et )
f t=t;
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Optimal trajectory in three-body model

Dynamical equations ~ Conjugate equations
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Numerical methods

@rect MetD Solve the Two-point Boundary-value Problem.

Advantage: the solution is smooth and accurate

Disadvantage: Difficult to converge, Difficult to give reasonable a
Initial guesses

. hod Transform the optimal control problem into parameter
@rect Mt D optimization by discretization.

Advantage: Easy to converge than indirect method, Some other
optimization parameters can be added

Disadvantage: Time consuming, The solution is not smooth

- Neglect the transversality condition, adjust the co-
states by using parameter optimization method (SQP)
It is a tradeoff method between indirect and direct
method.
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Hybrid method

Differential equations
X =f(x (t),u (t),1)

A=——o
16).

Boundary condition

x(ty) =X,
x(t;) =x,

Transversality condition

ob , .
H‘tf :_E(X (t;).t;)

) =22 E)1)

| X /t

v e o o o o
Xo\.é*{ y)

|~

Performance Index
J(u) = cD(x(tf),tf)+ff L(x(t),u(t),t)dt

1. Neglect the transversality condition;

2. Discretization of the states and the co-states;(optional)

3. Using constrained parameter optimization method to
minimize the performance index.

Sequential Quadratic Programming (SQP).
Software package named SNOPT.

Genetic Algorithm (GA), Simulated annealing (SA) 21



Orbit transfer from LEO to GEO

Optimization Parameter:

Z:[tTOF’ﬂ’p’ﬂT’ﬂg’ﬂ’h'ﬂ’k’ﬂ’L'}’m]

Constraints:

T
MO —in

ngT(tTOF)_geEo =0, (é/: P, f’g,h’k)

Performance Index:

Green: yaw thruster angle

Blue: pitch thruster angle

Thruster angles in orbit frame
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Low-thrust transfer from parking orbit to halo orbit

™M
AN

i
® S
” | | xA m_
| - :
IIIIIIII | o —
T B4 3
= X _ | | -
- < I TN T o g
e O I | |
~ - I LN . g
- Y | | <
|_ | | =
N — | | < X<
~° I P R S
- | | b <
<& &2 _ | 8o N
= R T R R Vot S, S
N o ! o 200 -
- — | | | | 1%, |
AAI __ — \\”\\\”\\\”\\\”\\L \,«/ R N 2 ”\\\”\\\”\\ —
= ®) Lo\
< Wy | N e R I
- | | | | | | | | | | | m foe)
V/‘J — x Il Il Il | | | [e)]
|
I —~~ —
N < !
X , 1=
e B — | |
d | |
S o N
s O B! :
o] - | < ” ”
o < | |
(- o | | f | .
®) n S RN 1YY /78 =
— p— - — ” o
N S ®© | | |
N s £ A=/
m 4+ = < 1 |
. —_— (7p) o | ! ﬁm ! I
= £ T <t =
O O o i ~ | |
....... | 2. \/
Y Q,vm, |
i =




Direct transfer from the Earth to the Venus
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low-thrust IPS transfer

Low-thrust & Interplanetary SuperHighway(IPS) have
the same aim ---- Increase the percentage of payload

Low-thrust ---- Increase the availability factor of working substance
IPS ---- Decrease the total delta V
L L

AR we 7
i i Py 1

|
A ]\3} C D g F

Earth Target Planet
Escape Segment Interplanetary Cruise Segment Capture Segment

Orbit structure of the low-thrust IPS transfer
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One Thrust Arc IPS transfer
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Thrust-coast-thrust IPS transfer
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Comparison between the different scenarios

Low-thrust

One thrust arc IPS T-C-TIPS
Initial mass (kg) 1200 1200 1200
hass at theend of the 038.358 913.285 913.285
escape segment (kg)
e S 645.974 686.076 762.602
cruise segment (kg)
Arrive mass (kg) 543.749 576.507 638.019
Payload percentage 45.31% 48.042% 53.168%
TOF of the cruise

173.396

259.016

280.168

segment (daz's!
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