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Abstract

We investigate the main phase space properties of the QR-flow when restricted to up-
per Hessenberg matrices. A complete description of the linear behavior of the equilibrium
matrices is given. The main result classifies the possible a- and w-limits of the orbits for this
system. Furthermore, we characterize the set of initial matrices for which there is conver-
gence towards an equilibrium matrix. Several numerical examples show the different limit
behavior of the orbits and illustrate the theory.
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1 Introduction

One of the basic problems in numerical linear algebra is the computation of eigenvalues and
eigenvectors of a matrix. To this end, one uses iterative methods and, among them, the methods
based on QR-iteration are usually effective [15]. As an alternative, there are methods based
on the solution of a Cauchy problem of an ordinary differential equation in the space of n-
dimensional matrices. We refer to the review [6] for a general description of this type of methods.
Here, we study the so called QR-flow which can be seen as the continuous analogous of the QR-
iteration.

The QR-flow for symmetric Jacobi (real tridiagonal) matrices X was first derived in the
context of the Toda lattice [29] for a finite number of mass points. In Flaschka variables [13]
the equations of motion can be rewritten in Lax form

X' = [X, k(X)) = Xk(X) — k(X)X, (1)

where k(X) = X~ —(X7)T is a skew-symmetric projection of X (where X~ is the strictly lower
triangular part of X). The Lax pair structure implies the following properties:

1. The eigenvalues of the linear operator X are integrals of motion of (1), that is, the flow
X (t) is isospectral, see [13]. In particular, the coefficients of the characteristic polynomial
of X are also first integrals.

2. Given a real n-dimensional matrix A, the (unshifted) QR-iteration algorithm applied to
Xo = exp(A) is the evaluation at integer times of X (¢) (see [28, 11]). For this reason, the
flow is usually referred as the QR-flow.

For the Toda lattice, the coefficients of the characteristic polynomial of X are independent first
integrals in involution, see [19, 13]. Moreover, the solution X (¢) converges to a diagonal matrix,
see [23]. The last convergence property also holds whenever the QR-flow is considered on the
set of symmetric matrices, see [24]. We refer to [30, 22] for further details on the Toda lattice
and its generalizations.

The goal of this paper is to analize the dynamics of the QR-flow when applied to upper
Hessenberg general matrices. This flow interpolates (in a proper way) the QR-iterates of the
exponential of the initial matrix. The main result gives a detailed description of the structure
of the o, w-limit sets for any initial n-dimensional upper Hessenberg matrix.

We recall (see for example [17]) that, given an ordinary differential equation on R™ such that
defines a complete flow ¢ (that is, a flow defined for all ¢ € R), the «,w-limit sets of a point
p € R™ are

a(p) = {qg € R"; 3(t,) such that ¢,, - —oo and ¢(t,,p) — q as n — oo},
w(p) = {q € R™; 3(t,,) such that t,, — co and (t,,p) — q as n — oco}.

One has w(p(t,p)) = w(p) and a(p(t,p)) = a(p) for all t € R. As the orbits of the QR-flow are
bounded, see Section 2, these sets are non-empty, compact, invariant by the flow and connected.
A point ¢ is homoclinic to an equilibrium point p if a(q) = w(q) = {p}. If, on the other hand, if
there exist p; # py equilibria such that a(q) = {p1} and w(q) = {p2} then we say that the orbit
of ¢ is heteroclinic to p; and ps.

We emphasize in this sense that the QR-flow is one of the exceptional cases in which such a
description of the «, w-limit sets can be obtained. As discussed in this work, this fact is indeed a



consequence of the concrete Lax pair formulation that admits the QR-flow, see Prop.2.2. Other
results presented in this work and that are required to obtain the main result or that follow
from it include:

A complete list of the equilibrium matrices is given.
The behavior of the linearization at the equilibrium matrices is described.

A characterization of the set of matrices for which the QR-flow converges to a limit matrix,
that is, of the set matrices that are homo/heteroclinic to equilibria.

The structure of the a- and w-limits, including equilibrium matrices, periodic orbits and/or
invariant tori.

Estimates on the rate of convergence towards the a- and w-limits are explicitly derived.

Several paradigmatic examples of the different theoretical situations are given.

We believe that these results can be potentially useful to design adapted algorithms for com-
puting the spectrum of a general matrix (we recall that any matrix can be reduced to an upper
Hessenberg, see for instance [15]). In this sense we remark that

We show that a real Schur normal form for any initial upper Hessenberg matrix can be
computed (but clearly not in an efficient way!) by combining the QR-flow with the QR-
iteration without any shift strategy.

Any effective implementation of the QR-iteration requires shifts strategies. Although in
the flow setting such strategies are useless, the QR-flow can be numerically integrated
using a variable stepsize integrator. If the numerical integrator is chosen properly, the
timesteps can be larger than one. Since the time-one map of the QR-flow corresponds
to QR-iterates of the exponential of the matrix, the previous property can be though as
performing more than one QR-iterate per integration step.

In general, continuous realization methods can have some advantages in front their discrete
counterpart, as was pointed out in [5]. In this direction, we would like to add that the
variational equations can be used as a tool to study the smooth dependence of solutions on
parameters. For the QR-flow setting, this means that one can obtain (in a straightforward
way) Taylor expansion of the eigenvalues for matrices depending on parameters. This can
be useful for bifurcation analysis.

The QR-flow is a particular example of an isospectral flow, that is, a flow such that all the
points of an orbit are similar matrices. In the case of the QR-flow, the points of an orbit are
orthogonally similar matrices. Due to the simple structure of the QR-flow equations we have
used a high-order Taylor method for numerical integration of the ODE. We are aware of adapted
methods for isospectral flows [2, 3] which can be very convenient in this setting. However, we
stress that by keeping the local error below the machine accuracy, the Taylor integrator respects
isospectrality up to numerical errors (but nothing prevents from a bias for very long times of
integration). We refer to [21] for analogous comments in the symplectic setting.



The main result of this paper is inspired by the analogous Parlett’s result in [26] for the QR-
iteration. For reader’s convenience we briefly recall the Parlett’s result. Such a result describes
the form to what tend the QR-iterates (H (s))seN of an initial unreduced upper Hessenberg
matrix H1). Concretely,

Theorem 1.1. (Parlett’68) Let wy > ...w, > 0 the distinct modulus of the eigenvalues of
HW . Of the eigenvalues of modulus w;, let p(i) have even multiplicities mt > my > >
m;(i) > m;( =0, and let q(i) have odd multiplicities nt > n% > ... > nz(i) > ng( 0.

i)+1

i)+1
S i §

If 0 ¢ Spec(HW) then, as s — oo, H®) becomes block triangular with blocks H;7,

Moreover, Spec (Hl(j)) converges to the set of eigenvalues with modulus w;. Fach Hi(;) tends to a

S,

block triangular substructure in which emerge mé —mz 41 unreduced diagonal blocks of dimension
j for 1 <7 <p(i), and n; — né-_H unreduced diagonal blocks of dimension j for 1 < j < q(i).
The union of the spectra of these blocks converges to the eigenvalues of even and odd multiplicity
respectively. If, on the other hand, 0 € Spec (H(l)) and has multiplicity m, the last m columns
and m rows are discarded from H®) and the previous statement holds.

The paper is organized as follows. In Section 2 we present the equations of the QR-flow
for upper Hessenberg matrices and we state some basic properties. In Section 3 we obtain
the equilibrium matrices for the QR-flow and we describe their linear behavior (that is, the
behavior of the linearization of the QR-flow at the equilibrium matrix). In particular, a complete
description of the spectrum of the linearised system at the equilibrium matrices is given. Some
technical lemmas used to this end are given in Appendix A. Next, in Section 4, we discuss
about the structure of the elements of the w-limit set of any initial matrix. As said, the main
result can be seen as the analogous of Parlett’s classical result in [26] but in the flow setting.
Moreover, for the QR-flow a detailed description of the w-limit set, making explicit the order in
which the diagonal blocks appear, can be obtained: given Xy € H,, which is not an equilibrium
matrix, either w(Xy) is an equilibrium matrix or it does not contain equilibrium matrices. In
the latter case, the orbit of an element Y € w(Xj) is a (multi-)periodic orbit on a torus of
suitable dimension. A complete proof is given in Section 4, with the help of some technical
lemmas included in Appendices B and C. As a consequence of the previous result we provide
in Sections 4.1 and 4.2 the convergence results in the Wilkinson and/or Parlett sense, useful for
the numerical computation of eigenvalues using the QR-flow. Also, the velocity of convergence
towards the w-limit behavior is explicitly obtained. In Section 4.3 we characterize the set of initial
matrices for which there is convergence of the QR-flow to an equilibrium matrix. In particular,
the orthogonal, normal and symmetric matrices are included in this set, see Section 4.3.1.

In Section 5 we consider the restriction of the QR-flow to dimensions 2,3 and 4, for which
further details on the dynamics of the w-limit can be explicitly given. In Section 6 we illustrate
the complexity of the phase space in a simple 3-dimensional example. Finally, in Section 7 we
provide some conclusions and possible future research directions.

The notation in Table 1 will be used through the text. On the other hand, we shall use the
Diag and diag operators through the text: if A; € My, »,, 1 < ¢ < m, then

Ay
Diag(Aj,... Ap) = € BD?

ni,...;Nm
Am

and, if A € BUT; . UBLTy . then diag(A) = (A11, ..., Amm) € My X XMp, o



My.m  Set of n x m real matrices.

I, Identity matrix of dimension n

Real matrices subsets:

H, Set of n-dimensional upper Hessenberg matrices

H, Set of n-dimensional unreduced upper Hessenberg matrices
T, Set of n-dimensional upper triangular matrices

D, Set of n-dimensional diagonal matrices

O, Set of n-dimensional orthogonal matrices

Sym,  Set of n-dimensional symmetric matrices

Skew, Set of n-dimensional skew-symmetric matrices

Block real matrices subsets:

BUTZLH.’,Lm Set of n-dimensional block upper triangular matrices with
diagonal blocks belonging to My, »,, i =1,...,m,
n=ny+- -+ nm.

BD;, ..  Setof n-dimensional block diagonal matrices with diagonal
blocks belonging to My, n,, i =1,...,m, n=mn1 + -+ + ny,.

BLT},, ., Setof n-dimensional block lower triangular matrices with
diagonal blocks belonging to My, »,, i =1,...,m,
n=ny+--+nm.

Table 1: Notation for the matrices sets used through the text.

2 The QR-flow on H,, as an isospectral flow

It is well-known, see for example [6] and references therein, that given a smooth map k :
My — My, the solution of the Cauchy problem

X' = [Xvk(X)]7 X(O):Xﬁa (2)

is X (t) = G(t)"' X(G(t), where G(t) is the solution of the Cauchy problem G/ = Gk(X(t)), G(0) =
I,,. Hence the flow defined by (2) is an isospectral flow. On the other hand, if we consider the
Cauchy problem

X' = [X7k(X)]v X(O) = Xo,
G = Gh(X),  G(0) = I,

then, as before, X (t) = G(t)"1XoG(t), and G(t) is orthogonal if, and only if, k(X) € Skew,,
for all X € M,, ,. Note that in this case the solution of (2) satisfies || X (¢)||2 = || Xo|l2 and then
the flow is complete (defined for all ¢ € R).



The QR-flow is obtained by considering k(X) = X~ — (X~)T € Skew,, being X~ the
strictly lower triangular part of X, in (2) above. The following proposition, see [7, 6], relates
the QR-flow at integer times of Xy € M,, ,, with the QR-iteration of exp(Xp) and associates to
the isospectral flow suitable Cauchy problems with solution the @ and R matrices of the QR-
factorization. Note that the QR-factorizations considered here, and from now on, have diag(R)
with positive elements. This guarantees uniqueness of the QR-factorization provided the matrix
to be factorized is non-singular.

Proposition 2.1. Given Xy € M, ,, denote by X (t) the solution of the Cauchy problem X' =
[X, k(X)], X(0) = Xo. Define Q(t) and R(t) as the solutions of the Cauchy problems

Q= QKX(W). QO)=1. and R =k(X()R RO =TI, 3)
respectively, where k.(X) = X — k(X). Then, for all t € R, the following four properties hold:
1. %o = Q(t)R(t), 3. X(t) = Q(t)T XoQ(t) = R(t) XoR(t) ™",

2. Q(t) € O, and R(t) € T, 4. X = R(1)Q(1).

Proof: One has Q(t) € O, and X(t) = Q(t)" XoQ(t). First we will prove that R is upper
triangular and X (t) = R(t)XoR(t)~!. The first statement is trivial, because k.(X) is upper
triangular for any matrix X. To see the second one we define C(t) = R(t)XoR(t)~!. Then
C'(1) = [ke(X (1), C(1)], C(0) = Xo. Moreover, X'(t) = [X, K(X)] = [ke(X (1)), X(1)], X(0) =
Xo, and by uniqueness of solutions of the Cauchy problem we get that X (t) = C(t), for all t € R.
With this we have proved 2. and 3. In order to prove 1., we define S(t) = Q(t)Te!X0. Then
S(0) =1 and

S'(8) = (Q(1) 1) + QT Xoe™0 = (—k(X (1)) + X(1))S(t) = k(X (1))S(1).

Again by uniqueness of the solutions we have that S(t) = R(t), which proves 1. Finally, 4.
follows from R(t)Q(t) = Q(t) TetX0Q(t) = Q) T XoQ(t) — tX(t) 0

As said, the last proposition implies that eX(™) n > 1, are the iterates of the QR-iteration
applied to the matrix eX0. Precisely, this means that A; = eX 0) = Q1R1, Ay = R1Qy = X)) =
Q2Rs, A3 = RyQs = eX@ = Q3Rj3, ete, hence the QR-iterates of eX(©) are given by Aj. This
was first observed in [27]. Note that, in general, Q(k) # Qr and R(k) # Ry, k € N.

It is immediate to see that the set H,, is invariant by the QR-flow. Indeed, if Xy € H,,
by Prop. 2.1, we know that X (t) = R(t)XoR(t)"!. As R(t) is upper triangular, it follows that
X(t) € Hy, for all t € R. From now on, we shall consider the QR-flow restricted to H,,. In this
case, the equation X’ = [X, k(X)] defines a dynamical system on R4, where Ny = (n?+3n—2)/2
is the dimension of the set of upper Hessenberg matrices.

Remark 2.1. It is interesting to comment about the connection of our results and the results on integ-
rability of the QR-flow. In [10] it is proved the integrability of the QR-flow on the open set G of matrices
M € M,, ,, satisfying the generic assumptions

1. if (M) € My_k n—k denotes the matrix obtained by deleting the first k rows and the last k columns
of M, then one assumes, for 1 < k < [n/2], that Py(M,\) = det(M — A,,); is a polynomial in A
of degree n — 2k (that is, the leading coefficient does not vanish),

2. the matrix (M — M ")/2 € Skew,, has a simple spectrum,



3. the roots of Py(M,\) for 0 < k < [(n —1)/2] are distinct, and
4. zero is a regular value of the function J : C2 — C given by J(h, z) = det((1—h)M + hM " — 21,).

The authors construct action-angle variables and derive the integrability of the QR-flow on G. As a
consequence of this construction it was proved that the orbit of M € G under the QR-flow is contained
into an invariant connected set diffeomorphic to R! x T¢ for suitable dimensions I and ¢. Note that:

e Asalready pointed out in [10] matrices in H,, are not generic in the sense above but integrability on
a suitable open set & containing H,, could be proved by adapting the previous result, see related
comments in [9]. For generic matrices H € H,, the invariant set containing its orbit must be
diffeomorphic to R x T¢ being ¢ the number of pairs of complex eigenvalues of H.

e For matrices H € H,, (not necessarily in Q) having at least a pair of complex eigenvalues w(H)
can be contained into W = T¢. For example in Figs. 5 and 6 we consider matrices Hy, H; € Hy
such that w(Hy) = T? while w(H;) is a periodic orbit contained in W 22 T2, in agreement with the
statement of the previous item. But there are also matrices H having at least a pair of complex
eigenvalues such that w(H) is an equilibrium matrix, see for example cases 5, 6 and 7 in Section 5.3
for H € Hy. This situation happens when H is on the stable invariant manifold of an equilibrium
matrix which is neither upper triangular nor skew-symmetric, see Section 4.3.

3 Equilibrium matrices

In this section we characterize which upper Hessenberg matrices are equilibria of the QR-flow.
To this end, it is important to introduce for X € M, , and Y € M,, ,, the operator Bxy :
Mym — My m defined by

Bxy(Z)=XZ-ZY. (4)

We also define, for n = m and X =Y, Ly = Bx x. Then Lx(Z) = [X, Z]. We summarize in
Appendix A some properties of these linear operators.
A matrix X € H,, is an equilibrium matrix of the QR-flow if [X, k(X)] = 0. Given X € H,,

there is m € N and there are (unique) nq,...,n, € N such that
A o Aim
X = S € BUT}, ..., (5)
Am m

)

where A;; € Hy; . With this notation we have the following result.

Theorem 3.1. A matrix X € Hy, is an equilibrium matriz of the QR-flow if, and only if, for
i=1,...,m, the block A;; in (5) is of the form A;; = \il,, +k(A;;) and Bk(Ai,i),k(Aj,j)(Ai,j) =0
foralll <i<j<m.

Proof: One has [X, k(X)] = 0if, and only if, [4;;, k(A;;)] = 0 for all i and By(a, ;) k(a,,) =0
for all ¢ < j. Since k(A;;) € Skew,, N H;,. has simple eigenvalues then A;; can be expressed as
a polynomial of degree n; — 1 in k(A;;) (see for example Theorem 3.1 in [32]). But A4;; € H},
and one infers sequentially for s = n; — 1,n; — 2,...,2 that the coefficient associated to the
monomial k(A;;)° vanishes. Hence A;; = A\il,, + pik(A;;), for suitable coefficients p;, A; € R.
But k(A;;) = Nik(ILy,) + uik?(Ai;) = pik(A; ;) and one gets p; = 1.

Reciprocally, if Aiﬂ' = )\1]711 + k‘(Am) then [Am, k(AZJ)] =0foralll <i<m,and X € H,,
given by (5), is an equilibrium matrix. O



Remark 3.1. 1. Every fixed point X € H,, is the sum X = A+ R, of a matrix A € Skew,, "H,, and
a matrix R € T, such that they commute. This follows since [X, k(X)] = [R, A] which vanishes if
they commute.

2. The set of equilibria of the QR-flow contains T,, and the set

Z, = {A€H,, A=\, + B, Bc Skew,, \ € R}.

More general, if one considers X € Skew,, N H,, as a matrix of BUT},
given D = Diag(D11,...,Dmm) € BDzl,__A
matrix.

n,, With 4;; € Hy, - and
with D;; = Al,, then X + D is an equilibrium

s,

3. Under the hypotheses of the Theorem 3.1, if X is an equilibrium matrix then, for any @ €
BD;, .. NO, the matrix QT XQ is an equilibrium matrix.

4. Given 1 < i < j < m such that Spec(k(4;;)) N Spec (k(A4;;)) = 0 then A;; = 0. This is a
consequence of the fact that A;; € Ker (By(a, ) ra,,)) and that Bya, )k, ,) is an invertible
operator, see Prop. A.1. Consequently, if this is true for all 1 < ¢ < j < m then X is normal (i.e.
XTX=XXT").

5. Only for n = 2 the set of equilibria is equal to T,, U Z,. For n = 3 if an equilibrium matrix is
not upper triangular then it is normal. For n > 4 there are equilibrium matrices which are neither
upper triangular nor normal, see Section 5.3.

3.1 Eigenvalues of equilibria

The goal of this section is to study the linear behavior at an equilibrium matrix X € H,.
We denote by F : H, — H, the vector field F(X) = [X,k(X)]. One has F(X +€Y) =
F(X) + e([X, k()] + [V, k(X)]) + O(€?) because k(X + €Y) = k(X) + ek(Y) by linearity of k.
Hence DF(X)Y = [X,k(Y)] + [V, k(X)], for all Y € H,,.

Consider X as given by (5). The following theorem characterizes the spectrum of DF(X). In
particular, we prove that all the hyperbolic directions of the equilibrium matrix X are associated
to real eigenvalues of DF(X). That is the restriction of the dynamics to the unstable/stable
invariant manifolds W*/$(X) is of repelling/attractor node type (i.e. no focus type hyperbolic
components are present). On the other hand, all equilibrium matrices X have a non-trivial
center manifold W¢(X) of, at least, dimension n — m + 1.

Theorem 3.2. With the previous notation, if X € H, is an equilibrium matrix one has
Spec (DF (X)) = Spec (DF(k(X))) U SpecB U Dy,
where

Spec (DF(k(X))) = | J Spec (DF(k(Ais)), SpecB= [ Spec(Bya,.)n4,,):

1<i<m 1<i<j<m

and

Dy= |J {Np—A\}.

1<i<m—1

Moreover, all the non-zero real eigenvalues are contained in Dy. Concretely:

1. The eigenvalues of By(a, ;) k(A ;) @re £i (w1 £ p2) where +ipy € Spec (k(Ai;)) and +ips €
Spec (k(4;;))-



2. Denote by tipj, 1 < j <r, with0 < py < po < -+ < pr, the eigenvalues of k(A;;),
where r = (n; + 1)/2 if n; odd and r = n;/2 otherwise. Then the non-zero eigenvalues of
DF(k(A;i;)) are £i(p —py), 1 < i< j <7, and £i(p + pj), 1 <i < j <r, where we
assume i+ j # 2 whenever n; odd.

Proof: We consider the following subspaces of H,,. Let My C BUT}, |~ be the subspace
of strict upper block triangular matrices, My = BDy  , ~and M3 C H, be the subspace of
matrices B of the form B;; = A;; if i« < j, where A € My, and B;; = —B;; if i« > j, and
Bi,i = 0. Note that H,, = M; & M> & M3 and Df(X)(Ml) C M;, D]:(X)(MQ) C M ¢ Mos.
This implies that

Spec(DF(X)) = Spec(.A;1) U Spec(Az) U Spec(As),

where A; = DF(X)|M;, Ay =1l 0o DF(X)|Ms, A3 = I3 0 DF(X)|Ms, and II; : H,, — M, is
the projection of H,, over M;, ¢ = 2, 3. Moreover, we have that

m m m ) m—1 )
= @ GB 7])’ M, = @Mg)> M;j = @ Mg’), where
=1 j=i i=1 i=1

M) = gy = (Yie)i<ko<m € My | Yy =0 for (k,0) # (2,7)},
MY = {Y = (Yie)1<heem € Ma | Yoy = 0 for (k,€) # (i,7)},
MY = {V = (Yie)i<ki<m € M3 |Yig =0 for k> £st. (k,0) # (i +1,i)}.

In order to finish the proof of the theorem, we will use the following lemma:
Lemma 3.1. The operators A;, i = 1,2,3 satisfy the following properties:
1. A M) € MUY, and MY = —Bya, ) ka, )
2. A,MY) ¢ My &MY, and Ty 0 4,MY) = DF(A; ;)

3. As(M{Y) € My & My & MY and Tz 0 A3 MY (Y) = (Aig1 — MY, for all Y € MY,

Proof of Lemma 3.1: If Y € M{"™ then M = DF(X)Y = [V, K(X)] € M{"?| where
M;; =Y, k(Aj;) — k(Ai;)Yi; = _Bk(Ai,i),k(Aj,j)- This proves 1. ~

To prove 2. first we define D = Diag(A11,..., Amm) € BDy, . Then X = D+ X, where
X e M. 1Y € M{", then DF(X)Y = [D+ X k:( )] + [V, k(D)] = [D,k(Y)] + [V, k(D)] +
[X,k(Y)], where [D,k(Y)] + [Y,k(D)] € M() and [X, k(Y)] € My. Therefore, Ty o Ay M) =
DF(A;;), and Ay(M{) ¢ My & MY,

Finally 3. follows because, if Y € M(z)

DF(X)Y =[D + X, k(Y)] + [V, k(D)] = | )
=[X,k(Y)] + [ke(Y), k(D)) = [ke(D), (Y ) T] + [ke(D), Y.

Then, [X, k(Y)] + [k(Y), k(D)] = [ke(D), (Y ™)T] € My ®M, and [ko(D),Y ] = Z; + Zs, where

Z1 € My &M, and Z5 € Mi(’f)ﬂ such that (ZQ)Z'+]_7Z' = (>\i+1 — )\i)}/;'+]_7i.
O
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Following with the proof of the theorem, we have

Spec(A;) = U U Spec(Br(a,.).k(A;.))s

i=1j=i+1

Spec(Ay) = U Spec(DF(Ai;)), Spec(As) = U {Ni+1 — N}

=1 =1

It remains to see that the eigenvalues of By(a, ) (4, and of DF(A;;) are of the form
v =1ip,pu € R. From Prop. A.1 in Appendix A, taking into account that k(A;;) are skew-
symmetric, it follows that the eigenvalues of By 4, ;) k(4; ;) are of this form. From Prop. 3.2 it
follows the result about the spectrum of DF(A;;), see below. O

Remark 3.2. In particular, it follows from the proof of Lemma 3.1 that if X € T,, is an equilibrium
matrix then DF(X) is diagonalizable. This was proved also in [4].

As a consequence of Theorem 3.2, in order to obtain all the eigenvalues of DF(X), we need to
determine the eigenvalues of the blocks A;; € Skew,, N"H . Hence, below we consider X € H.
First we begin with a proposition relating the eigenvalues and the eigenvectors of the operator
Lx with those of DF(X).

Proposition 3.1. Let X € Hy N Skew,,.
1. If Se Ker Ly NSym,,, S #0, then R=S — k(S) € T,,, R#0, is such that DF(X)R €
Skew,, and DF(X)?(R) = 0. Moreover, DF(X)(R) =0, iff S = R = Al.

2. If S € Sym, @ iSym,, is an eigenvector of eigenvalue A # 0 of Lx and A = k(S),
R = S — k(S) then A+ X\"YX,A] + R is an eigenvector of eigenvalue —\ of DF(X).
Moreover, if X € H, then A+ X\7'[X, Al + R € H,,.

Proof:

1. Recall that DF(X)R = [X,k(R)] + [R,k(X)] = [R,k(X)] = [R, X]. Moreover, by hypo-
thesis

This means that B = [R, X| = [X, k(9)] is skew-symmetric. Finally,
DF(X)B = [X,B] + [B,X] = 0.

To prove the second part, notice that if DF(R) = [R, X] = 0 then [X, k(S)] = [X,S] =0.

First we claim that if [X, S] = (aij)lgi,jgnv [X, k(S)] = (bij)lgi,jgn and a1; = b;1 = 0 and
a;; = b;j = 0, for 2 < 4,7 < n then S is a diagonal matrix. Indeed, if n = 2 is obviously
true. Suppose that it is true for n — 1 > 2 then we can write

T T
_( su ¢ (0 =b
S - ( & Sl > ’ X = < b Xl ) ’
where S; and X; are (n — 1) x (n — 1) matrices such that S; = S| and X = — X7, and
b,c € R*! such that b" = (B,0,...,0), and 8 # 0. It is immediate to see that

k(S) = < 2 k_(;j) ) .
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Then
[X S] . —2bTC bT(SHI — Sl) — CTXl
e (s111 — S1)b+ Xic be +¢b" + [Xl,S1]
o 0 CTXl — ka(Sl)
X k()] = ( Xic—k(S1)b b —be’ +[X1,k(S1)] )

If c = (c1,...,¢n 1), as, by hypothesis, b"c = 0 then ¢; = 0 and the matrices cb' 4 be'
have all their elements equal to zero except, perhaps, the ones of the first row and first
column from the second element on. Then, by the induction hypothesis, we have that Sy
is a diagonal matrix. This implies that be' = ¢b', and, therefore, ¢ = 0, which implies
that S is also a diagonal matrix.

Finally, in order to finish the proof of the first part of the Prop. 3.1, we note that if
[X,S] =0 and S is diagonal, (this implies that [X,k(S)] = [X,0] = 0) then S = AI.

2. Suppose that [X, S] = \S, where A # 0. If A =k(S) and R =5 — k(S) we have
DF(X)S=[X,k(A+R)+[A+ R, k(X)] =X, Al + [A, X]+ [R, X] = [R, X]
=[5, X]|-[A,X]|=-AS—[A,X]=-)N-[AX]- AR
= -AA+ XA X]+R).

Then, if H = A+ A"![A, X] + R we have that DF(X)H = —AH. Finally, if X is up-
per Hessenberg then [R, X] + AR = —A(A + A71[A, X]), and as [R, X] and R are upper
Hessenberg, so is H. ([l

Proposition 3.2. Let X € Hy N Skew,,. Then
1. The dimension of Ker DF(X) is n. In particular Skew,, C Ker DF(X).

2. All the non-zero eigenvalues of DF(X) are pure imaginary and simple.

3. The dimension of the generalized eigenspace of eigenvalue zero is (3n — 2)/2 if n is even
and (3n —1)/2 if n is odd.

Proof: Consider Y € H,, such that DF(X)(Y) = 0. We express Y = R+ A, R € T,,
A € Skew,,. One has DF(X)(Y) = DF(X)(R) = 0. By Prop. 3.1 the matrix R is of the form
R = AI,,. This proves item 1.

By Prop. A.2 all the non-zero eigenvalues of Lx|Sym,, correspond to eigenvalues of DF(X)
(note that there is a change of sign). Moreover, there are n? simple pure imaginary eigenvalues
of Lx|Sym,, if n is even and n? — 1 otherwise. This proves that there are, at least, n? (or n? —1
if n odd) eigenvalues of DF(X) different from zero.

Now, consider Y € H, such that DF(X)?(Y) = 0. Expressing Y = R+ A, R € T,
A € Skew,, then DF(X)?(Y) = DF(X)?(R) = 0. By Prop. A.2 the dimension of the set of
matrices R € T,, such that DF(X)?(R) = 0 equals the dimension of Ker Ly N Sym,, and this
dimension is n/2 if n is even and (n+1)/2 otherwise. Adding n—1 (the dimension of Skew,,) we
obtain that the dimension is larger or equal than (3n —2)/2 if n even and (3n — 1)/2 otherwise.

Finally, since the sum of the dimensions of all the eigenspaces equals the dimension of H,,,
there are no other matrices in the generalized eigenspace of eigenvalue zero of DF(X) and there
are no more eigenvalues of DF(X) different from zero. (]

Remark 3.3. The previous theorems provide a systematic way to proceed to determine the equilibrium
matrices and its spectra. We shall give further details for dimensions n < 4 in Section 5 where a complete
description is possible and helps to clarify the general procedure.
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Example 3.1. We consider

0 -2 0 0
2 0 -3 0 N

X = 0 3 o0 -4 |F€ H; N Skewy. (6)
0o 0 4 0

The eigenvalues of X are
At + = +iy/(29£3V65)/2 €iR.
Then DF(X) € M3 13 and, by Theorem 3.2,

Spec (DF(X)) = {05, +3v/51,+v131, +1/58 + 61651 } .

On the other hand, Ker (DF (X)) = (14)®(SkewsNH,). From Prop. 3.2 one has dim(Ker (DF(X)))) =
4, and DF(X) posseses a generalized eigenvector of eigenvalue 0 associated to a Jordan block.

As follows from the theoretical results, this is, indeed, the general situation: given X =
(wij)1<ij<n € Skewy N Hy one has Ker (DF (X)) = (I4) ® (Skews N Hy) and a generalized
eigenvector is given by

0 0 1'271 0
s
0 —% 0 x4.3
2 2 2
T = 0 L1 %43 T3 2 0 s
2x3 2
O x%,liziﬁ

2x3 2

as one can check that DF(X)(T') € Skews NHy (i.e., it belongs to Ker (DF(X))).

If 232 = 0 (i.e. if X is reduced), the linear dynamics around X changes. Given X €
Skew, N Hj there exists Q € Oy such that Xp := Q'XQ = X € Skewy N (Hy \ H}).
Obviously SpecDF(Xg) = SpecDF(X). However, Ker (DF(Xg)) = (I3) ® (I3) © (Skew,; N Hy)

being
IS-(IS 8), and I§—<8192>,

and, consequently, dim(Ker (DF(Xg))) =5 > dim(Ker (DF(X)))).

Remark 3.4. Let X, R € T,,. Then DF(X)R = 0 and, therefore, zero is an eigenvalue. The other
eigenvalues of DF(X) are ®ij+1,i+1 — Tii, ¢ = 1,...,n — 1, where X = (z;;)1<i,j<n-

4 Asymptotic behavior of the orbits of the QR-flow

In this section we prove that, given Xy € H,, the set w(Xp) is an equilibrium matrix or it does
not contain equilibrium matrices. In the latter case, the orbit of an element Y € w(Xjy) is a
(multi-)periodic orbit on a torus of suitable dimension. Concretely, we characterize the block
diagonal part (for suitable blocks) of the elements of the w-limit of an initial matrix Xy € H,,.
In the general case, given Y € w(Xp), the orbit of Y is a (multi-)periodic function defined over
a torus of dimension the number of eigenvalues with non-vanishing imaginary part divided by
two. Hence, this torus has dimension < n/2 and it is embedded into a phase space of dimension



13

Ny = (n? + 3n — 2)/2. Note that resonances between the frequencies can decrease the number
of fundamental periods to describe the orbit and, in such a case, the torus can be of lower
dimension.

The ordering of the diagonal blocks of Y gives us a decomposition of the torus into a product
of lower dimensional tori, obtained as a projection of the torus into suitable invariant subspaces
(under the QR-flow) of lower dimension related to the number of non-real eigenvalues of Y with
the same real part.

Remark 4.1. 1. Note that the equation (1) is invariant with respect to ¢ — —t, X — —X. In
particular, the reversing involution implies that the w- and a-limit sets have the same properties.
Consequently, we just consider the w-limit set in the following.

2. Let Xy € H, and assume that w(X() contains an equilibrium matrix Y. Then, Xg = A+ B
where A € Skew,,, Spec(B) C R and AB = BA. Indeed, by Remark 3.1 item 1, Y = A+ R
with A € Skew,, and R € T,. The property follows because there exists Q € O, such that
Xo=Q'YQ=QTAQ+Q"RQ=A+B.

Remark 4.2. We will suppose that the matrix X is unreduced. Otherwise, we divide X into blocks with

unreduced diagonal blocks. The form of the system X’ = [X, k(X)] implies that if Xo = (2;;)1<s,j<n the

QR-flow is invariant in any hypersurface x;,1; = 0. Then, X(t) = (X, ;(¢))1<ij<m € BUT}, ., = being

X, (1), 1 <i < n, unreduced. One has !X = Q(t)R(t), where diag(e!X () = (etX1.1(0) et Xm.m(0)),

Moreover, Q(t) = Diag(Q1(t),...,Qm(t)) € BD;,, . and X, ;(t) = Q; (1)X;;(0)Q;(t), 1 <i<j < m.

This implies that Y € w(X() admits the same block partition defined by the diagonal blocks of X, that

wecall Yiq,..., Y p, and Y, ; € w(X,;), i =1,... k.

The Theorem 4.1 below characterizes the structure of the matrices Y € w(Xy). A basic tool
to prove it is to reduce Xy € Hj;, to a suitable reordered Jordan normal form. The existence
of such a Jordan normal form follows from by Prop. 4.1 below. Let us first introduce some
notations. Given A\ € Spec(Xy) we denote by mult()) the (algebraic) multiplicity of A\. Assume
that a1 > ag > -+ > ayy, m < n, are the real parts of the eigenvalues of Xg. One has

Spec(Xp) = UR = U (R}URS),
7j=1

where R; = {\ € Spec(Xy),Re A = o}, Rj is the set of A € R; of even multiplicity and le
is the set of A € R; of odd multiplicity. Denote by 2m§- — ¢ the maximum multiplicity of the

0_ 1 0

eigenvalues of 73;, it =0,1. Note that either m; = m; or m; = m} — 1 assuming that all blocks

(associated to eigenvalues of different multiplicity) are present, see Remark 4.3 for other cases.
We shall denote by d; = 2s; — 1 where s; = m + m . Furthermore,
Ri = JRisi=0,1, where Ri; = {\ € R}, with multiplicity 2k — i}.

Let c;k = #R;yk, 1 = 0,1, and assume that

; 1)/2 .
Rk = {aj,a; £ 16 Kooy BJ(C““ )/ )}, if ¢} ), odd, and
R;’,k:{aj:tiﬁj(‘kiw' j i 5(Cjk/ 1 1fc J even.
If c;k is odd we consider the vector of block-matrices Aé’k: (A}7k71, . 7Aj,k,(c§.’k+1)/2)7 where

o) (e-1)

—p i
@y PR =20 1)/2

i i
Njpp=ajy Ajpe= ( ‘
Bj,k,i Q
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i : Y .
Analogously, for ¢j j, even, we consider Ach = (Aj’,c’17 e 7Aj,k,c;_ k/2)’ where

A;,k,f = B(Z) ji it 5 f: 1,...,0;’]{:/2.

ki

Proposition 4.1. Let Xy € H}, and assume the previous described structure and the notation
introduced above. There exists T € GL(n,R) with the following properties:

1. T7'XoT = D where D € BD}., is such that

yeeesTim,
oY
Dj; = S € BLT?;'J,H.“N,
() (@)
D/ D a,
being D,(gjl)c € BLT,", where v = v(j,k) is equal to (2,2,...,2) if Tk, is even, and v =
(1,2,...,2) otherwise. Moreover,
: () _ (Al 1 1
dlag (Ds]-i2k,s]—i2k> = (Aj,mj’Aj,mj—l’ . ,Aj7k+1) 3
: () _ (A0 0 0
diag (DSji(2k+1),8ji(2k+l)> = (Aj,mijjmjfw e 7Aj,k+1) g
and
Spec(Dg-)—Qk;,s]-—Zk) = SPeC(Dg)Jrzk,ster) = Rj\ U?:lel',ev
(@) _ (@) _ k
Spec(Dy op1,5,-25-1) = SPeCDyopirpanr) = BF\UL Ry
2. T~' = LU, where L € BLT},, . and U € BUT} . The matriz U is such that
(a) The matrices U;; are of the form
() ()
Uri Ura, 4
Ujj = TR . UJ) eBUT).
()
Ud;a,

(b) UXoU™' =D + N, where N € BLT}, is such that N;; =0 for 1 <i <m.

oo Tlm

See Appendix B for a proof of Prop. 4.1. The reordered Jordan normal form that we will
use is derived as follows. For m > n, we denote by E(m,n) the matrix

E(m,n) = < % > € Mo,

For each block D;; € BLT?fyj’,__“j’j there exists a matrix ZALM e BLTff’j,_,_yrdj,]., such that

~

L= Diag(f,l’l, <oy Lm,m) reduces D = Diag(D1 1, .., Dpym) to the following form

I:Dﬁfl :2D = Diag(DM, ... ,Dm7m), Djvj = Ej7ij7j£-_1 S BLT;Lf,j7,_.7rdj7j, (7)
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where

() R 1 1 1 R A () 1
Dsj:I:Zk,s]-:I:Qk = Dlag(Aj,mijj,mjfw o Ng) = Dlag(Dsji2k+2,sj:|:2k+27 Ajrg)s

~NE)) ) 0 0 0 7 ~ () 0
Dsji(%ﬂ),sjjg(zkﬂ)*Dlag(Ajm A - -7Aj,k+1)*Dlag(Dsjﬂzms),sji(zk+3)’Aj,k+1)a

and the non-zero blocks of D outside the diagonal are:

-
Dy, tkr2,s;4k=E (s, Ts;4k+2.5) s Dsj—kt1,s;—k—1=E(Ts; 4615, Ts;4k+1,5), k>0.

The existence of the lower triangular L introduced above follows from the fact that X, € H,
and hence it is nonderogatory (i.e. such that all the eigenvalues have geometric multiplicity one).
The matrix D is the reordered Jordan normal form of Xy that will be used to prove Theorem 4.1.
See Fig. 1 right for an illustration of the form of a typical block Dj’j of D. Similar canonical
normal forms were used in [25, 26] to study the convergence of the QR-iteration in the complex
setting.

Theorem 4.1. Let Xo € H with the structure and notation introduced in Prop 4.1. The
structure of Y € w(Xg) has the following properties:

1. Y 1is of the form
Yiin -+ Yim
Y = . € BUTZL.,
Ym,m
where Spec(Yj ;) = R; and nj = ZAeRj mult(\).

m?

The subdiagonal elements of X (t) that lead to the block structure of Y above are o(exp((cj+1—
a; +n)t)), ast — oo and for any n > 0, see Lemma 4.1.

2. The matrices Yj; are of the form

W v
Y, = : € BUI‘f{’j,._,,de,].,
()
Yia,
being Yk(j) € H:kj, for1<k<d;=2s;—1,sj= m? +m}, Thj = #Spec(Y,fQ), therefore

all the eigenvalues of Yk(J,g are simple. Moreover,

k
() _ ©) _pl 1 1
Spec(yﬁ;ﬂzk,srzk) = SpeC(Ystrzk,sﬁzk) =R;\ U R 0<k<m;—1,
=1

k
() _ (4) _ 0 0 0
SpeC(szjjf2kfl,sjf2k71) —Spec(ysf+2k+1,sj+2k+1) =TR; \ U Rie  0<k<m;—1.
=1

The subdiagonal elements of (X(t));; that lead to the block structure of Y;; tend to zero
(at least, see Remark 4.3 below) as t=1, see Lemma 4.2.
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Remark 4.3. An example of the form of a block Y ; is shown in Fig. 1 left. We remark that, in a general
situation, some of the blocks Y ; might be missing depending on the multiplicity of the eigenvalues of
Xo. However, one can consider zero-dimensional blocks to apply the general theorem. This will provide
zero-dimensional blocks in the w-limit that have no meaning and should be removed from the final
structure. Accepting this convection, Theorem 4.1 provides the structure of the elements of the w-limit
in all situations. See the following Example 4.1.

Example 4.1. Let Xy, € H% such that Spec(Xy) = {1 +1i,1 —i,14+1,1—-1,2+1i,2—-1,2},
that is mult(1 +1i) = mult(l —i) = 2, mult(2 +1i) = mult(2 — i) = mult(2) = 1. One has
Ry ={2+1,2—1,2} and Ry = {1 +1i,1—1}. Let us examine the block associated to R; and
Ry separately.

The structure of the block Y71 associated to Ry is compatible with the general structure
of Theorem 4.1. The eigenvalues of Y; ; are those of X with real part equal to two. One has
R =0, Rt = Ry and m{ = 0, mi = 1. Moreover, s; = d; = 1 and ny = r1; = 3, which gives
only one three-dimensional sub-block Y7 1 = Yl(}l) € H3.

The block associated to R does not have the general structure of the Theorem 4.1 since
all the eigenvalues of Ry have multiplicity two and the block associated to multiplicity one is
missed. One has RY = Ry, R} = (). Hence, we add a “ficticious” zero-dimensional block so that

m9 = md = 1 and we consider the block Y2 associated to this modified structure of Re. Then,

sg = 2, do9 = 3 and no = 4. This gives three diagonal sub-blocks Yl(lz) € Hy, ,i=1,23, of
Y59 with dimensions r1 1 = 2, 72 = 0 and 733 = 2. This holds since R8,1 ={l1+4i,1—1} and

R, = 0, hence Spec (YQ%)) = () and Spec (Y1(721)) = Spec (Yg(?) = RY. The block Y55 contains the

eigenvalues of Xy with real part equals one. The block Y2(722) is zero-dimensional and we remove

it.
Finally, we conclude from the previous considerations that Y € w(Xj) is such that diag(Y") =

(Yi1,Ya0), Y1, € Hj, diag(Yap) = (V{3 ,v43), v? e Hp, i = 1,3.

Proof: Let T' € M,,,, be the matrix that reduces Xy € Hy to the form given by Prop. 4.1.
In particular, Xo = TDT~! and T = U~'L~'. One has

ePL =P Le Petl = L(t)elP, (8)

where L(t) € BLT}, ., with L(t);; = I,,. Indeed, lim;_,o, L(t) = I,. This follows from the
following fact. Consider i > j, then o; — a; < 0 and

. 4D o oD — (D s—cusl .
Li,j(t) — etD“Li’je tDj; _ e(al ag)tet(Dm Oéz]nl)Li’je (Dj,j—ajln,)

)

which tends to 0 as ¢ — co because e'(Pii=%In:) grows, at most, as a polynomial in ¢.

Denote by T'= Q1 Ry the QR-factorization of T'. Using (8) it follows that
o = Te!PT~1 = QIR e'P LU = QR L(t)e!PU. (9)

Now, consider the QR-factorization Ry L(t) = @(t)ﬁ(t) Then lim;_, @(t)ﬁ(t) = Ry and,
by uniqueness of the QR factorization, it follows that lim; . @(t) =1,.

By Prop. 2.1 we have that e/X° has a QR factorization X0 = Q(¢)R(t), and the solution of
the QR-flow with initial condition Xg is X (t) = Q(¢t) "' XoQ(¢).
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On the other hand, R(t)e!PU € BUT;,, .. Therefore, the orthogonal matrix of its QR-

factorization is diag(Q;(¢),...,@,,(t)). By the uniqueness of the QR-factorization, we obtain

Q) = QQ()Diag(Qy (1), - .., Qi 1)), (10)

and, since Q] XoQ1 = RiDR; ",
X(t) = Diag(@,() ..., Q) Q)" RiDR 'Q(t)Diag(Q, (1), .. ., (L))

If Y € w(Xp) then let (tx)r>0 — oo be a sequence such that limy_,. X () = Y and Q(J) =
limy, oo @j(tk), 1 < j < m. Then,

Y = Diag((@))7,..., (@) )R1DR; 'Diag(Q},. .., Qu), (11)

which proves the first part of the theorem.

The second part follows from a similar argument but using the reordered Jordan normal
form (7). Hence, the analogous of (9) in this case is

etXo = 7L 1etD i1, (12)
which, by Lemma C.1, reduces to
Xo = TLAPPeL T = QR M(H)U = QoRoL(t)R(1)U, (13)

where M (t) = PetPLL = L(t)R(t), L(t) € BLTy, ., issuchthat diag(L(t)) = (L1,1(t), ..., Lmm(t))
where L; ;(t) € BLT;7 . Jray g0 Moo L(t) = I,, and QR is the QR-factorization of TL~'P.
Note also that diag(R(t)) = (R1,1(t), ..., Rmm(t)) where R;;(t) € BUT,? . ray g LS j < me

The last expression has the same structure than (9) but with R(t) instead of etD . The same
reasoning as in the first part gives

Y = Diag((@})",..., (@) ") RaPDPR; 'Diag(Qy, .., Q,), (14)

where s = dy + -+ + dy,. This gives the structure of the w-limit of the second part of the
theorem. It remains to prove that the blocks are unreduced, the corresponding proof will given
in Lemma 4.3. O

Next, we discuss about the decay of the subdiagonal elements of X (t) = (z;;);; € Hj
between the m blocks of its w-limit structure described by (11).

Lemma 4.1. For 1 <j<m—1, let {(j) = Z _1ni. One has
Toivateon| < M;el@r=ealtgks Ao )
()+1.L3) j J
for |t| large enough, where 0 < kj <max(2m9, ,,2m; ; — 1) + max(2m},2m; — 1) — 2.

Proof: From Prop. 2.1, X(t) = R(t)XoR(t)"" and "X = Q(t)R(t). From (9), "0 =
Q1Q(t)R(t)e!PU and, using (10), R(t) = Diag(Q,(t)",. @ (t )T) (t)e!PU. We consider the
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block partition of X (t) induced by Diag(Q,(t)',... ,@ (t)7) and we denote by (X(t));; the
corresponding blocks. If H;yq;:= i+1,i+1(X(0))i+1,lU then

00 0

(X()i+1 = Qi1 (t) Rigria1 (R)e Pt Hyyy se P Ry 5(4) 71 Q,(t)
— elait1i— az)tZi( t),

where
Zi(t)= Q1 (1) T Riyrip (1) Piriniminb ) o=t Piimailnd) Ry (6710, (1),

Note that Z;(t) € Mp,,,n, and, since X (¢) € H}, only (Z;(t))1,n, # 0. Finally, since Q;(t) are
bounded, }?{(t) has limit when ¢ — oo and the eigenvalues of D; ; — oI, are purely imaginary, the
growth of Z;(¢) is polynomial with degree bounded by the sum of maximum of the multiplicities
of the eigenvalues of D;; and D;1 ;41 minus two. This implies the result. O

Next lemma discusses the decay of the subdiagonal elements of a block (X(t));; that lead

to the blocks ch(j), that is, sub-blocks inside a block Yj ;. For simplicity, we denote by X (t) =
(wi,5)i,; € Hy, one of these blocks.

Lemma 4.2. For 1 <j<r—1, let é(]) = ZLI r;. One has, for |t| large enough,

|xl; V1,0 ’<Mt1 Mj>0.

Proof: Using (12) one obtains

R(t) = Diag(Q(1) - ... Qu(t) ) R(OR(t)U. (15)

Consider the block partition so that diag(=(t)) = (E1,1(t),...,Zq d( )) for the matrices = =
R, R, R,U and X (t). If we denote by H;41,; = Ui+1,i+1(X(0))z’+1,zU 1<i:<d-1, then

1,0 0

(X()i41 = Qi1 () Rig1,i41(O) Rigr,i1 () Higr i Ria(8) T Ria(8) 1 Qu(2), (16)

where R(t) = emPetAPﬁ(t) according to Lemma C.3. Moreover, from Lemma C.4

—

R(t) = W(t) Ru()W (1), (17)
where Li(t)R1(t) is the LU-block factorization of RyN (t), N(t) = W(t)ﬁw_l(t). Using (24),

S D (Ro)1iLin Yo P02 (Ro)iiLip ... (Ro)raLaa
RoN(t) = s f )
74D (Ro)g.aLaq t7@2)(Ro)q,4La,2 <o (Ro)aaLaa
and, since p(i, j — 1) < p(i, j) < p(i—1,j), one has (RoN(t));; = O(1), i > j, and (RoN(t)); =
O(tl”( ’J)) otherwise. Note that, since (Rp)ii+1 = 0, it follows that (RoN(t))i; = (Ro)iiLii({ +
O(t™1)) and, moreover, that (RoN(t))ii+1 = O(t™"). The LU-block factorlzatlon of (RoN(#))

verifies
(L1(®)ii = Ir,,  (L1(t))i; = O, i > 4,

(R1(t))ii = (Ro)iiLii + O(t™"),  (Ra(t))iisr = O(PH1),
(Ri(1))ij =OQ), j = i+2.
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From (17) and the expressions in Lemma C.4, one obtains

(R(t))is = t*7" (Ro)iiLis(I + O(t™1)), where s = (d +1)/2. (18)

We conclude from (16) that X (¢);+1; = t~'B(t) where B(t) is a bounded matrix. This
proves the result. U

Remark 4.4. We recall that some blocks of the w(X() might be missing because the multiplicities of
the eigenvalues. In case there is a missing block the expected decay is O(t~2), see Example 4.2.

Finally, we prove that the blocks Yk(j,g, 1 < k < dj, in Theorem 4.1 are unreduced. We

consider a block (X (t)),(j,)f that corresponds to the block Yk(]k) . As before, for simplicity, we
denote by X (t) = (z;,)i; € Hy one of these blocks.

Lemma 4.3. The blocks Yk(Jk) are unreduced, that is, there exists a constant M > 0 such that
|Tip14| > M, 1<i<r-—1, for allt € R.

Proof: From (15), taking into account that Pe!4AP ¢ BD;, it follows that

R(t) = g tah—s Rk’k(t) = Qk(t)TRk7k(t)B(t)Uk7k,

where B(t) = B(t)(Ro)kxLrx(I + O(t™1)), being B(t) = (PetAP)g ), € O,. In particular, B(t)
and B(t)~! are bounded. Then, R(t) and R(t)~' are bounded (because lim; o R(t) = Ry
is invertible). It follows that (R(¢));; > 0 are upper bounded and lower bounded. Since
X(t) = R(t) XoR(t)~!, if we denote Xy = ($?,j)1§i,j§n, then, for some constant M > 0, one has

g1l = (R())irrir |20, (R());, > M. -

Example 4.2. We illustrate the decay of the corresponding subdiagonal elements for a concrete
matrix of the form of Example 4.1. Concretely, we consider Xy € H7 similar to the matrix
Diag(A;1, A2,2) by a random similarity matrix with coefficients in [0, 1] , where

0

0 2 -1
1 y and A2—<1 2).

1

As discussed in Example 4.1 one expects (X (t))4,3 — 0 and (X (t))s5 — 0 as t — oo. Concretely,
in Fig. 2 we observe that (X(t))s3 ~ e~ while (X (¢))e5 ~ t2, as expected from Lemma 4.2.
The coefficient -2 of the power-law decay of (X (t))g5 is due to the fact that R} is empty (the
corresponding block is missed), see details in Example 4.1.

A=

O O ==
S O = =
=N O

4.1 Convergence in Wilkinson’s sense

Let us comment about Wilkinson (essential) convergence in the QR-iteration setting. Given
Xo € H,, we consider the sequence {X}}r>0 of QR-iterates.

Definition 4.1. The QR-iteration algorithm applied to X essentially converges if the sequence
{Xk}r>0 tends to an upper triangular matrix as k — oo.
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In [14] it was proved that if the eigenvalues of X are assumed to be of different modulus
then the QR~iteration converges essentially to an upper triangular matrix. We can consider the
same idea of Wilkinson convergence but within the QR-flow setting. Indeed, from Theorem 4.1,
it immediately follows the following result. Note that in this setting we have convergence instead
of essential convergence. By remark 4.2 we can extend the convergence property to Xo € H,.

Corollary 4.1 (Wilkinson convergence). If Xg € H,, has real eigenvalues then w(Xy) is an
upper triangular equilibrium matriz.

Example 4.3. For a fixed prime number p, we consider the matrix A € M,, ,,, n = p—1, defined
by a;; = (%), where (%) denotes the Legendre symbol. The eigenvalues are 1,—1,,/p and

v/—p with multiplicities 1,1,n/2 — 1,n/2 — 1 respectively, see [16]. Since A has multiple real
eigenvalues, the upper Hessenberg reductions of A are reduced. For p = 7 we consider

1 4 —-2|-1 1 -1
1 -1 -1/-1 0 1
o —2 —1)-2 2 2 R
Xo = 0 0 0 5 371 € Hg \ H6' (19)
0o o0 o0, 1 =2 1
0O o0 o0 0 0] 1

The subspaces {x43 = 0} and {zs5 = 0} are invariant by the flow. Each diagonal block of X
contains simple eigenvalues with different real parts. Hence Lemma 4.1 guarantees exponential
convergence towards Y € Tg. For example, for t = 10° X (¢) has trace O(1071%). The eigenvalues
within the diagonal blocks are sorted according to Theorem 4.1.

For p = 13, Xy € Hj3 \ H}, and the subspaces {z43 = 0}, {z76 = 0}, {x9s = 0} and
{x11,10 = 0} are invariant by the QR-flow. The diagonal entries of X (t) for ¢t = 10° are ordered as
follows: A\, —1, =X\, A\, 1, =X\, A, =\ A, =\, A, =\, and A\ = v/13 is computed with error O(10~14).

4.2 Convergence in Parlett’s sense

Before stating the results concerning Parlett convergence for the QR-flow, let us briefly describe
the Parlett’s results for the QR-iteration algorithm.

Definition 4.2. Given Xy € H,, we denote by X,, = (x(n)) the nth iterate of the QR-iteration

]
m

applied to Xg. We say that the QR-iteration converges in the Parlett sense if x 41,851 0

as n — o0.

Note that Parlett convergence is enough to numerically obtain an approximation of the
spectrum of Xy. It was stated in [26] that the QR-iteration applied to Xy converges (in Parlett’s
sense) if, and only if, 1) the number of eigenvalues of X of equal modulus with even algebraic
multiplicity is less or equal than two and 2) the same holds for the number of eigenvalues of
Xy of equal modulus with odd algebraic multiplicity. For the QR-flow we have the following
analogous result.

Corollary 4.2 (Parlett convergence). Let Xo € H},. Denote by Neyen, (resp. Nodq) the number
of eigenvalues of Xo of equal real part with even (resp. odd) algebraic multiplicity. The QR-flow
with initial condition Xo converges (in the Parlett sense) if, and only if, both Neyen and Nogq
are less or equal than two.
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We want to emphasize that criteria for the QR-iteration and QR-flow are not equivalent. It
turns out that either the QR-iteration and/or the QR~flow applied to a matrix Xy € H,, with
n < 3 converges in the Parlett sense. The following is an example with n = 4 for which the two
algorithms fail in the convergence.

Example 4.4 (Non-convergence of QR~flow nor of QR-iteration). The matrix

—251/214 448843/100259  —4447435/656338  459/214
—937/428 965997/200518 —6834801/1312676 519/428
0 1312676/877969 —9216351/2873779 1188/937 |’
0 0 —3762055/9406489 1725/3067

Xo =

has Spec DXy = {0,1,i,—i}. According to [26] the QR-iteration does not converge because
Xo has 3 eigenvalues of algebraic multiplicity 1 with modulus 1. On the other hand, from
Corollary 4.2, we conclude that the QR-flow does not converge because X has 3 eigenvalues of
multiplicity 1 with zero real part.

Denote by X (t) = (z4,j)i,;(t) the solution of the Cauchy problem with initial condition Xp.
The numerical integration of the QR-flow shows that x5 ; tends to zero and the eigenvalue 1 (i.e.
the one with largest real part) is isolated in the diagonal. However, the subdiagonal elements
x32 and 43 do not tend to zero (they behave 27 periodically in ¢, remaining away from zero).
That is, w(Xp) has a 3 x 3 block in the diagonal which, in particular, does not allow to obtain
the remaining eigenvalues. The elements x1 2, x1,3 and x1 4 are 2m-periodic functions of ¢. The
elements in the 3 x 3 diagonal block describe a 2m-periodic orbit. See also example 5.1.

It follows from the previous results that the computation of the eigenvalues of any (up-
per Hessenberg) matrix can be performed by combination of the QR-iteration and QR-flow
strategies. For example, given Ag € M,,,, and € > 0 one can compute QR-iterates of Ay until
one obtains Ay such that the absolute value of some of the components of the subdiagonal are
below €. Then, when no other decays of the subdiagonal elements size is observed, one fills
up with zeroes the subdiagonal components with size less than € and switches to integrate the
QR-flow starting from Aj. The zero components of the subdiagonal define a block partition of
Aj. In each of the blocks the QR-flow converges (in Parlett sense).

Example 4.5. Consider Xy, € M7 7 with eigenvalues 1 £1, eii, e*1V2 and 1. Neither QR-
iteration nor the QR-flow converges. After some number of QR-iterates a 2x 2 diagonal block
“separates” (for example, when z32=0(107%))). We integrate the QR-flow starting with the
5 x 5 remaining block up to large enough time to numerically observe (Parlett) convergence
towards T' € T5. Note also that one can proceed in the inverse order, that is, by first integrating
the QR-flow and then perfoming iterates of the QR~iteration. This will also converge (in Parlett
sense).

4.3 A characterization of the homo/heteroclinic connections

In this section we characterize the homo/heteroclinic orbits and we prove the non-existence of
homo/heteroclinic connections in the «,w-limit sets. We will need the following proposition.
We use the notation in Prop. 4.1 and we also consider the matrices

ij 0

Afer =, A§7k7f:< 0 o > (=2, (e +1)/2,
J
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if c;- ;. odd. For the case c;  even we consider
9 b

A;.,kj:(%‘ 0), (=1,....c 42

0 Oéj
: Ai _ Ad Xi
Also we consider Aj,k,f = AM’E — AM’E.

Proposition 4.2. Let Xo = A+B € H}, such that A, B € M,,,, A € Skew,,, all the eigenvalues
of B are real and AB = BA. Then, one can chooseT' € M, ,, in Prop. 4.1 such that T 'BT =D
where D € BD!, is such that

IR Yoy
=)
D1j,1
Dj,j - . S BLT?f,jy---,de,ja
Py Déj)
B 7]

being D/,(Cj/,)c € BLT,"”, where v = v(j,k) is equal to (2,2,...,2) if T is even, and v =
(1,2,...,2) otherwise. Moreover,

] 3 (]) _ X1 X1 11
dlag (Dsji2k,8ji2k;) - <Aj7mj 3 Aj,mj_17 e ’Aj,k?-i-l) ,

3 - (J) _ X0 0 10
dlag (Dsji(2k+1),8ji(2k+l)> - <Aj,mj ) Aj7mj71, c. ’Aj,k+1) ,

and

SpeC(Dg‘)—Qk,Sj—Qk:) - SpeC(Dg)-&-Qk75j+2k) - {aj}’

() _ () _
SpeC(Dsz»fqu,sjf%q) = SpeC(Dsj+2k+1,s]~+2k+1) = {ay}.

See Appendix B for a proof of this proposition.

Remark 4.5. The previous result holds if A has purely imaginary eigenvalues (including zero) even if
A ¢ Skew,,.

From the previous result one can obtain a reordered Jordan normal form with the same
nilpotent part as in the case of Proposition 4.1. Denote by D =D —D. Then D and D are
block diagonal and commute. Since A € Skew,,, Dis semisimple. The change L that reduces
D to the reordered Jordan normal form, see 7, indeed reduces D to the same form changing the
diagonal blocks Ay ¢ by Ak’g. This is because D;; = (bm +o;ln,) + (DZZ — aly,) is the Jordan-
Chevalley decomposition [20] of D; ;, and hence (ZALHZA)“[A/;ZI +ail,,)+ (f/zZDZZfL;ZI —a;ly,) is the
Jordan-Chevalley decomposition of reordered Jordan normal form i},,D”I:Z_ZI By uniqueness of
such a decomposition, the nilpotent part of the Jordan-Chevalley decomposii:ion of the reordered

A N
Jordan normal form is Lz‘,iDi,iLi,i —oyly,.

The main result of this section is the following theorem that characterizes the homo/heteroclinic
matrices to equilibria.

Theorem 4.2. Let Xo € H;. There exist matrices A, B € M, such that A € Skew,,
Spec(B) C R, AB = BA and Xy = A + B if, and only if, there exist equilibrium matrices
X1, X2 € Hy, such that a(Xo) = {X1} and w(Xp) = {Xa}.
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Proof: Suppose that Xo = A + B, with A € Skew,, Spec(B) C R, AB = BA. Then
etXo = et4etB and, by Prop. 4.2, etXo = fATL etV LT-1. If Q(t)R(t) is the QR factorization
of e!P then

X(t) = Q) (A+B)Q() = Q) e (A + B)e"Q(t) = Qt) (A + B)Q(D).

By Appendix C (see also the final remark), and proceeding again as in Theorem 4.1, we have
that o

e'® = QaR2L(t)R(t)U,
where L(t) € BLT,, ., s such that diag(L(t)) = (L1,1(£),...,Limm(t)) where L;;(t) €
BLT?fm,__,de’j, limy oo L(t) = I,, and Q2Rs is the QR-factorization of TL1P. By equation

(18) and using the expressions in Lemma C.3 relating R; ;(t) and ﬁj,j (t), we have that

(Rii(t))j; = €t I(Ro);;Lj; (I, + O(t™H), 1<j<d.

J

Now, we have that the QR factorization RoL(t) = Q3(t)R3(t) satisfies that Q3(t) — I,, and
R3(t) = R3° € Ty, when t — oo. Then

'’ = Q2Qs(t)Rs(t)R(t)U.

Finally, the orthogonal matrix of the QR factorization of R3(t) R(¢)U is simply Diag(Q; (t), ..., Q,(t)),

because R3(t)R(t)U is block upper triangular. If we write

diag(R3(t)) = (R3)1,1(t), ..., (R3)m,m(t)), and
diag(R3):,i(t) = (((R3)ii)1,1(8)s - -+ s ((13)i,)ds s

to get one of these orthogonal matrices we have to compute the QR factorization of
((R3)i,0)55(t)(Ro)ji L (Lry ; + O™ ) (Ui -

As this matrix has a limit when t — oo, we have that Diag(Q,(t),...,Q4(t)) has a limit and,
therefore, Q(¢) has a limit when ¢ — oo. Hence, X (¢) has limit when ¢t — oo.
The other implication follows directly from Remark 4.1 item 2. (]

Corollary 4.3. Let Xo € H,,. Then, either both w and a-limit sets of Xo are singletons (hence
formed by an equilibrium matrixz) or they do not contain equilibrium matrices.

Proof: Suppose that there exists an equilibrium matrix Y such that Y € w(Xp). Then, there
exists @ € O,, such that Xo = Q7Y Q. By Remark 3.1 item 1, Y = A + R where A € Skew,,
and R € T,, commute. Then, Xy = QTAQ + QT RQ.

If Xo € H}, Theorem 4.2 implies that w(Xp) = {Y'} and there exists an equilibrium matrix
Z such that o(Xy) = Z.

If Xo S Hn\Hz, by Remark 42, one has 5/]',]' € w((XO)jJ') and Xi7j(t) = Q;r(t)(XQ)i’ij(t),
1 <4< j<m. One has:

e By definition of w-limit and because Q;(t) are bounded, there exists a sequence (t)k>0 —
oo as k — oo such that X; ;(tx) — Y;; and Q;(tx) — Q;. Hence, (Xo);; = QiYi,jQ;r.

e Since Y is an equilibrium matrix, so it is Y; ;. Hence, we write Y} ; = A;; + R;;, where
}/}',j = Aj,j + RjJ', AjJ' S Skewnj and Rj,j € Tnj. Moreover, Y;JAJ'J = Ai,ini,j for ¢ # j.
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o Let "le}j = QjAjJ'Q;r. One can check that (XO)i,jAj,j = Ai,i(XO)i,j for 4 7é j
e From the proof of Theorem 4.2 one has Q;(t) = etAii Q,;(t) where Q(t) has limit when
t — oo.

Then, for ¢ 75 j, Xi7j(7f) = Q;r(t)Xl,](O)QJ(t) = QZT(t)(XO)i,ij (t) also has limit when t — oo.
This proves the statement. U

4.3.1 The case of normal, orthogonal and symmetric matrices

If Xy € H,, is a normal matrix then Xg = A+ 5, where A € Skew,,, S € Sym, and AS = SA.
Hence, if X¢ € H}, by Theorem 4.2, both a(Xy) and w(Xy) only contain a single equilibrium
matrix. Moreover, as X (t) = Q(t)" XoQ(t), then a(Xy) and w(Xp) are normal matrices. In this
case, we can say more about the sets a(Xy) and w(Xp).

Note that if Xy € H}, is a normal matrix, and we follow the notation of Section 4, then
Spec Xy = U;”Zl R;, where R; = {\ € Spec(Xp),Re X = a;}, and oy > g > -+ > uy, and all
the eigenvalues of X are simple.

Theorem 4.3. Let Xy € H}, a normal matriz. Thenw(Xo) = {Y'}, whereY = Diag(Y11,...,Ymm) €
BD7, s Yij —ojln; € Skewy; NHY -, SpecYj; = R; and nj = #R;.
Proof: We know that w(Xy) = {Y'} where Y is an equilibrium matrix. By Theorems 3.1
and 4.1, we have that Y € BUT';, ., ~and Yj; — o1, € Skew,; NHJ . As Y is normal, then
Y € BDy, ., see [32] for example. O

Remark 4.6. If Xy € H, \ H}, is normal, then X, € BD;;  , ~and one can apply Theorem 4.3 to each
block. Then w(Xy) = {Y'} where Y is also an equilibrium matrix.

In particular, from the previous theorem it follows that the QR-flow converges for orthogonal
matrices.

Corollary 4.4. Let Xg € O, N H} (hence |o;| < 1). Then w(Xo) = {Y}, where Y =
Diag(Y1,1,. .., Ymm) € BDy, . . Moreover, if ag =1 thenny =1 and Y11 = (1), if app = —1

then ny, =1 and Yy, m = (—1), and if |a;| < 1 then nj =2 and

Also, from Theorem 4.3 we recover the well-known result concerning the convergence for
symmetric matrices.

Corollary 4.5. Let Xg € Sym, NH,,. Then w(Xo) = {Y}, where Y is a diagonal matriz.

Remark 4.7. The convergence of the QR-flow for normal matrices can be extended to the general
(not necessarily upper Hessenberg) case. Indeed, it can be seen as a gradient flow on suitable invariant
manifold of normal matrices with respect to some adapted Riemannian metric [31]. The convergence for
normal matrices also holds in the case of the QR iteration [12]. Note that in our setting, we have given
also explicit estimates on the speed of convergence.
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5 Low dimensional cases

In this section we consider the QR-flow restricted to Hy, for £ = 2,3 and 4, and we illustrate the
previous results concerning the equilibria, their linear stability and the asymptotic behavior of
the QR-flow described in Sections 3 and 4.

5.1 The QR-flow restricted to H,
The equations X’ = [X, k(X)] are simply

2y =201 (T12 + 221),  Thg = o1 (To2 —211),  ahy =Ty,  ahy = —a;. (20)

As follows from Theorem 3.1, the set of equilibria is Ty U {A + A, A € Skewa}. If X € Ty is
an equilibrium matrix, the eigenvalues of DF(X) are 0 (multiplicity three) and zas — z11. If
11 = x22 then we have a unique eigenvalue 0 with geometric multiplicity equals to 3 if 19 # 0
and equals to 4 if x1o = 0. Therefore, X has a one-dimensional stable invariant manifold if
x11 > x99. Concretely, the matrix of DF(X) is

xo2 —x11 0
12 0
2(x92 —x11) O
—X12 0

o O O O
o O O O

if expressed in the basis {ejeq — eze], e1eq, ere], ezed } of RY, where {ey, e} is the canonical
basis of R?. On the other hand, if

X:<x11 — >, x91 # 0,

Z21 T11

the matrix of DF(X) is

0 O —233‘21 0
0 0 0 0
0 O 0 21 ’
0 O —4.%21 0

if expressed in the basis {ejeq — ese], eje] + ezeq, e1e] — eseq, ereq ) of RE. In particular,
DF(X) has a two-dimensional kernel and eigenvalues £2i x9;.

The system (20) has three functionally independent first integrals
L = x11 + w22, Iy = 219 — w21, Iy = (211 — 292)* + (w12 + 221)?,

hence it is integrable. We can use these first integrals to reduce the dimension of the phase
space. If we fix I1 = d and Iy = ¢ the reduced system is

' =y-c)R2y—c, ¥ =uy-c(d-2x), (21)

where = 217 and y = x12. It has the line y = ¢ of fixed points and the fixed point (d/2,¢/2),
if ¢ # 0. The restriction of I3 to I} = d, I, = ¢ provides J3 = (z —d/2)* + (y — ¢/2)* as a
first integral of the reduced system. This was also obtained in [4]. The fixed points on y = ¢
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correspond to the triangular equilibrium matrices A, and, if ¢ # 0, the system has also the
equilibrium matrix C', where

[z ¢ _( d/2 /2
Am_(O d—x)’ C_<—c/2 d/2>'
We note that Ay, has a double eigenvalue with geometric multiplicity 1, if ¢ # 0 and multiplicity
two if ¢ = 0. In Fig. 3 we sketch the phase portrait of the reduced system (21) for ¢ # 0.

As follows from Corollary 4.1, if the matrix X has real eigenvalues then X (t) converges to
an upper triangular matrix. When the eigenvalues are not real then (X — AI)2 + 121 = 0, being
w# 0, and

1 A
X = MX A — A cos(ut) ] + sin(ut) (X - I)] .
T

From Prop. 2.1 one has !X = Q(¢t)R(t) and X () = Q(t)" XQ(t). If we denote (X — \I)/u =
(@4)1<ij<2 then

1
t) = ——— (cos(ut) I + sin(ut)As),
Q() v(t)TAlv(t)( (M) 2 (M) 2)
where v(t) = (sin(ut),cos(ut))T,
1 aii ailr a2
Ay = , d A= .
! ( a1 @i + a3, > o 2 < —ai2 a2 >

X()=Qt)XQ(t) = W(COS(Mt)IQ + sin(ut) A ) X (cos(ut) I + sin(ut) Az),

and we see that X (¢) is a rational function of cos?(ut), sin?(ut) and cos(ut) sin(ut). In particular,
if X is not an equilibrium matrix, then X (¢) is a periodic function of period 7 /p.

Remark 5.1. A similar argument to obtain the period will be use for Hz. However, for Ho, the
period of X () can be obtained directly from (21) just introducing polar coordinates (r,6) centered at
pc = (d/2,¢/2). Trivially, r becomes a first integral and 6’ = —2r sin 6 + ¢ gives period 2w /v/c? — 4r2. A
point at a distance r from po corresponds to a matrix with eigenvalues d/2 +1ip, p = v/c — 4r2 /2, that
are complex for r < ¢/2.

5.2 The QR-flow restricted to Hj

From the results in Section 3 it follows that there are four types of equilibrium matrices of
X' =[X,k(X)], X € Hs,

T11 T12 T13 11 0 0
Xi=| 0 1 z23 |, Xo=| 0 @o2 —x32 |,x32#0,
0 0 33 0 39 Z9292
r11 —w21 O 11 —w21 0
Xz=| 21 x11 0 |, 201 #0, Xy=| 21 211 —x32 |, x21232 # 0.

0 0 33 0 32 11
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By Theorem 3.2 the eigenvalues of DF(X) are 0 (multiplicity six), o2 — 11 and x33 — x92.
On the other hand, if {ej,e2,e3} denotes the canonical basis of R3, the matrix of DF(X>)
expressed in the basis

T T T T T T T T T T T T
{ese, —eges, e1eq, eaey + e3e3, eaey — e€3€3, €2€3, €169, €163, €26] — €1€9 }

of R® is
0 0 0 —2232 O 0 0 0
0 00 0 0 0 0 0
0 0 0 0 0 0 0 0
0 00 0 32 0 0 0
0 0 0 —4z3p 0 0 0 0
0 00 0 0 0 I32 2(.7322 — 51311)
0 0 0 0 0 —x32 O 0

0 0 O 0 0 0 0 oo — T11

Therefore, it has a zero eigenvalue of multiplicity three, and the other five eigenvalues are +2i z32,
+ixsge and x9o — x11. The linear stability properties of the equilibrium matrix X5 are similar
to those of X». Finally, DF(X4) has non-zero double non-defective® eigenvalues &i /23, + 23,
see Theorem 3.2, and the zero eigenvalue has multiplicity 4 while the kernel of DF(Xy) is
three-dimensional, see Prop. 3.2.

Concerning the asymptotic behavior of X (t), Corollary 4.1 guarantees that it converges to
a matrix of T3 whenever X has real eigenvalues. If not, we have that X has one real eigenvalue
A and two conjugate complex eigenvalues a + i3, with 5 # 0. By Corollary 4.2, if A # «, the
matrix X (¢) converges (in Parlett sense) to a reduced matrix when ¢ — oco. If w(X) is not an
equilibrium matrix then X (¢) tends to a matrix in BUT;’}Q with diagonal blocks A and a 2 x 2
block of period 7/f.

Finally, we consider the case A = a. We have that e!® = e* A1 4 e**[cos(t) Ay +sin(St) A3],
where

1 1
A= @[XZ —2aX + (@2 + I, Ay=I-A;, and Az= E[X —all.
It is clear that A;, As and As are non-zero matrices. This implies, by a similar argument
to the one used in Section 5.1, that X (t) = Q(t)" XQ(¢) and it is 27//3 periodic unless X is
an equilibrium matrix. In particular, this means that, if the matrix X is unreduced, all the
coeficients of the subdiagonal of X (¢) do not converge to zero, because they are periodic.

Example 5.1. Fix ¢y > 0 and, for |¢| < €, let A. and B be the matrices

2+¢ O 0 6 5 9
A= 0 -9 1525 |, B=|8 8 9
0 -8 13 5 1 0

Denote by X, the matrix obtained by the reduction to H3 of BA.B~! (using Householder’s
algorithm). The theoretical discussion of this section implies that:

e For ¢ = 0 one has Spec (Xo0) = {2,2+1,2 —i} and the QR-flow does not converge, see
Corollary 4.2. Since A = a = 2 and = 1, the w-limit of Xy is a 27-periodic orbit (and
the a-limit of Xy o coincides with the w-limit of X ).

'The (algebraic) multiplicity of a defective eigenvalue is larger than its geometric multiplicity.
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e For ¢ # 0, since A = 2+ ¢ # o = 2 and § = 1, the w-limit of X, is a periodic orbit
with period 7 (and so is the a-limit of Xq, € # 0). In this case, one of the subdiagonal
elements decays to zero, see Lemma 4.1.

In Fig. 4 left we show the behavior of the coefficient x1; as a function of ¢ for values of
e = —1072,0 and 1072. One clearly sees the period 27 of the € = 0 in contrast with the period
7 shown for € < 0 (for € > 0 this coefficient tends to 2). A 3-dimensional projections of the
periodic orbit obtained as w-limit in each of the previous cases considered is shown in Fig. 4
right. The behavior of the coefficients z; ; as a function of ¢ is the following:

1. For € = 0, all the coefficients z; ; are 2m-periodic in ¢.
2. The coefficient x1 3 is 2m-periodic for all values of e.

3. For € > 0: x11 — ctant, x21 — 0, x12 asymptotically becomes 2m-periodic, and the
coefficients x99, x23, 32 and x33 asymptotically become m-periodic. Accordingly, the
periodic orbit obtained as w-limit for € > 0 (in green) is m-periodic.

4. For e < 0: @32 — 0, 33 — ctant, x23 asymptotically becomes 27-periodic, and the
coefficients x1 1, x12, x21 and x22 asymptotically become m-periodic. Accordingly, the
periodic orbit obtained as w-limit for € < 0 (in red) is m-periodic.

We remark that the description of the 8-dimensional phase space of the QR-flow on Hj is
far from trivial. We refer to Section 6 for an illustration.

5.3 The QR-flow restricted to H,

Theorem 3.1 implies that the structure of an equilibrium matrix X = (z;;) € Hy is one of the
following eight:

1. If X € Hj then X = A4 + A where A € R and A € Skew, N Hy.
2. If T30 = 0 and T21T43 75 0,

_( M+ A B | .
X_< 0 AQIQ—}—C)’A’CGSkeWQ’A’C#Oa )\ZER,Z—L2,3.

By Remark 3.1, item 4., if the eigenvalues of A and C' are different then B = 0. Otherwise,
we have two possibilities:

o M+ A p@y o M+ A pQo
X_< 0 Nt A ) O K= 0 Aoly —A )7

where Q1 € My is a rotation and Q2 € Ms 5 is a reflection.

3. If x91 = 0 and x32243 # 0 then

(M vl -
X_< 0 )\213+A>’A68kew3ﬂH3> M, A2 € R and Av = 0.

4. If 243 = 0 and x912z32 # 0 then

X:<)\1[3+A v

0 A\ ),AESkeW3ﬂH3, A, A2 € R and Av = 0.
2
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5. If x43 # 0 and x91 = x32 = 0 then

R 0
X_<0 )\IQ—I—A)’RET%)\GR,AESkGWQ.

6. If z91 # 0 and x32 = 243 = 0 then

X =

AMa+A 0
0 R

>,R€T2, A €R, A€ Skews.

7. If 39 # 0 and z91 = 243 = 0 then

r11 0" r12
X = 0 Ma+A O ,)\,Tz‘jER,lgiSjSQ,AESkeWQ.
0 OT 7929

8. If Top = X392 = x43 = 0 then X € Ty.

Now, we want to find the eigenvalues of the equilibrium matrices. We will consider the
previous cases. Note that the linear operator DF acts on Hy which has dimension 13.

The eigenvalues of DF(X) for an equilibrium matrix of the first case are obtained as
a consequence of Prop. 3.1, Prop. 3.2 and Prop. A.2. In particular, in this case, one has
dim(Ker DF(X)) = 4 and multiplicity of the zero eigenvalue equals five. The other eigenvalues
are simple and given by 4(u1 — po)i, £(pu1 — p2)i, £2u11 and +2u9i, where +p;i, i = 1,2, are
the eigenvalues of A.

For an equilibrium matrix of the second case, denote by +u4i and +uci the eigenvalues of
A and C, respectively. By Theorem 3.2 we have that

Spec (DF(X)) = {+2pai, +2uci, 01} U {(£pa £ pe)i} U {Aa — M1},

If B =0, then dim(Ker DF(X)) > 4. See Example 3.1 for a case where one has dim(Ker DF (X)) =
5.

Consider X an equilibrium matrix of case 3. The matrix A has eigenvalues 0 and £ 4i.
Following the notation of Theorem 3.2 one has H; = 0 and Hs = A. Hence,

Spec (DF(X)) = {£puai, £2p4i,0°} U {0, £u4i} U {Xo — A1}

Note that the eigenvalue 0 has multiplicity at least six, and +p4i has multiplicity two.

The eigenvalues for an equilibrium matrix of case 4 are the same of the previous case.
Consider now an equilibrium matrix X of case 5. According to Theorem 3.2 one has H; = 0,
Hy; =0 and Hy = A. Let SpecR = {T‘ll,TQQ}. Then,

Spec (DF (X)) = {fpuai, 0*} U {0, £pai, £pai} U {rog — 111, A — ron}. (22)

Cases 6 and 7 are similar to case 5. Concretely, for case 6, Spec (DF(X)) is the same as in (22)
but replacing A — o2 by A —r1;. In case 7, just replace {roo — r11, A — roa} by {\ — 711,722 — A}
n (22). Note that in the cases 5,6 and 7, the multiplicity of the eigenvalue +p4i is three, and
the multiplicity of 0 is larger or equal than five.
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Finally, for an equilibrium matrix X of case 8, one has k(4;;) = 0, \; = x5, 1 < < 4.
Theorem 3.2 implies

Spec (DF(X)) = {0} U {0%} U {A2 — A, Ag — Ao, A — As),

and hence the multiplicity of the eigenvalue 0 is larger or equal than 10.

Concerning the w-limit of an arbitrary Xo € H} new possibilities appear. First, the w-
limit can be a non-normal equilibrium matrix which is not triangular. Second, w(Xp) can
be contained in a 2-dimensional torus with two different fundamental frequencies. Indeed, the
frequencies are integer multiples of the imaginary parts, 81 and s, of the eigenvalues of Xy. This
follows since !X = Q(t)R(t) where Q(t) is a function of cos(B;t), sin(B;t), i = 1,2. Hence,
also X(t) = Q(t)" XoQ(t) is a function of cos(B;t), sin(B;it), i = 1,2, and the fundamental
frequencies are multiples of $; and f2. If §1/82 € Q then w(Xp) is a periodic orbit. On the
other hand, if 51/82 € R\ Q then w(Xp) is a 2-dimensional torus. We illustrate these facts in
the following example.

Example 5.2. Let R, denote the rotation by angle ¢ € [0,27) and

_( Ry B 4 " (2 3

We consider three cases, the values of the angles o and 3 determining X in each case are: (i)
a=mn/2, B=mn/4, (i) a =7/2, f=m/2and (ili) o« = 7/4, B such that sin(f) = sin(7/4)/2
(i.e. 8= 0.361367). The w-limit sets are embedded in a 4D ambient space because diag(Xy) =
(R, Rp) is fixed by the flow. In case (i) the ratio of the imaginary part of the eigenvalues is
V2 € R\ Q, hence the orbit lies on a 2D torus. In cases (ii) and (iii) the ratio of the imaginary
part of the eigenvalues is 1 and 1/2, respectively, and the orbit is periodic (therefore coincides
with its w-limit). The three cases are illustrated in Fig. 5.

For Xy € Hj the situation is similar (but geometrically more involved). For example,
consider the matrices

2409 —4538113 16512245 3575 1497 —1593017 39100385 2359

214 761091 421794 214 214 465771 2394018 214

7113 —14282597 643711321 9949 4353 —5047117 121304017 6269

XQ | 428 1522182 10966644 428 R\Q 428 931542 4788036 428

0 —1218516 —49518619 —1704 |’ 0 - —532004 —9676375 —1104
0 0

5621641 20250711 2371 2105401 5410779 1451

218846043 8541

1131595315 4879 141421715 787
0 0 0 0 41716323 3729

One has Spec Xg@ = {&£i,£2i} and Spec X(I)R{\Q = {+i, +v/2i}. Accordingly, the orbit of Xgl) is a
periodic orbit on a 2-dimensional torus, while the orbit of ng \Q densely fills up a 2-dimensional
torus. In both cases the 2-dimensional torus is embedded in a 13-dimensional phase space. See
Fig. 6 for some projections of the corresponding orbits.

6 On the phase space complexity: an illustration

The description of the phase space of the QR-flow is, in general, quite involved. Consider the
QR-flow on Hjs, which is the lowest dimension with non-trivial dynamics. Even in this case a
global description of the phase space seems to be difficult. Below, we numerically investigate
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semi-global aspects of the phase space around some concrete equilibrium matrices and their
homo /heteroclinic connections. Concretely, we consider the four equilibrium matrices

+1
Xy4 =

Y

o O O

0
0 =1
0 0

which are orthogonally similar. We want to compute the homoclinic and heteroclinic orbits to
them. To this end, we consider the orthogonal matrices

100 010 1 00 01 0
Q=1 00 1], Q=100]@=[001] Q=[-100]
010 00 1 0-1 0 0 0-1
00 1 00 1 0 0-1 00 1
Q=1 0 10|, Q=010 Q=l010] Q=|0-10],
-1 0 0 100 10 0 1 00

and the initial matrices X; = Q;—XJ“JFQi € H,,, 1 <1 < 8. Note that since the eigenvalues of X;
are real then w(X() € T3. One can check that {R € T3, 3Q € 03, R=Q "X, ;Q} = {X++}
and hence the orbits of X; tend to one of the matrices X4 +. Indeed, each of the initial matrices
X; give a different homoclinic or heteroclinic orbit to X4 +. See Fig. 7.

The matrices X; €, 1 < ¢ < 4, are reduced. Their orbits are heteroclinic between different
equilibrium matrices. On the other hand, the homoclinic orbits correspond to the orbits of the
unreduced matrices X;, 5 < i < 8.

We remark that the points X4 4 are complete parabolic points with 8-dimensional center
manifold carrying on a non-trivial dynamics only within a 2-dimensional subspace. On the other
hand, one has dim(Ker (DF (X4 1))) = 3 and

-1 0 -1 -1 0 0 0 00
K = 0 1 0O , Ko= 0 00], Kg={| —-10 0],
0 01 0 10

form a basis of Ker (DF (X4 +)). We consider an unfolding of the form X = X  4+n1 K +1n2K>,
n,m2 > 0. For n1,m2 > 0, the eigenvalues A1, As and A3 of X are different and real. Assume
A1 > A2 > A3. Near each one of the equilibrium matrices X4 4 there are, for ny,n2 > 0,
six equilibrium upper triangular matrices according to the possible orders of the eigenvalues
displayed in the diagonal. Let us introduce the following notation. We denote by X ij;.l;i, where
i,j,k € {1,2,3} are distinc indices, the equilibrium matrix with diagonal equal to (i, Aj, Ax)
located near X4 .

From Theorem 3.2 we conclude that, beyond having a 6-dimensional center manifold, the
linear behavior at the 24 equilibria restricted to the hyperbolic directions is the following:

e the matrices X 1i2§c are stable node equilibrium matrices,
e the matrices X;;li are unstable node equilibrium matrices, and

e the other 16 equilibrium matrices are of saddle type (with one dimensional stable and
unstable manifolds).
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For the illustrations we consider n; = 0.05 and 7o = 0.01. For these values A\; = 0.05,
A2 = 0.01 and A3 = —0.06. In Fig. 8 we see the equilibrium matrices X;;]’j that are close to the
equilibrium matrix X ;. We also display the heteroclinic orbits between them.

In the top right plot of the figure we sketch the local heteroclinic structure. We note that the
1-dimensional stable and unstable invariant manifolds of the saddle points as well as the weakly
and strong 1-stable invariant manifolds of the nodes correspond to orbits X (¢) associated to
reduced upper Hessenberg matrices. Hence, the reduced orbits define the skeleton of the phase
space and organize the dynamics.

We remark that all the branches of the invariant manifolds in Fig. 8 which have not been
continued correspond to heteroclinic orbits to equilibrium matrices that are located in a neigh-
bourhood of either X _ or X_ .. They play a role in the global structure of the phase space.

7 Conclusions and outlook

We have studied the QR-flow for upper Hessenberg matrices. The linear behavior at equilibria,
including the central components, has been determined. We have also provided a complete
description of the elements of the a- and w-limit of any initial matrix. This has been used
for characterize the set of matrices for which there is convergence of the QR-flow towards an
equilibrium matrix. Also properties of the velocity of convergence towards the limit behavior of
the orbit were explicitly derived.

There are many related questions to be investigated, including theoretical aspects but also
concrete applications. As a theoretical developments we mention the use of isospectral flows in
other settings like, for example, the symplectic setting (where one looks for symplectic isospectral
deformations of the matrix) or the most important setting of infinite dimensional linear operators
where a dynamical approach description seems much more involved.

Concerning potential applications, we would like to point out that the integration of the
variational equations of the QR-flow could be useful for a systematic analysis of bifurcations.
Also, a description of semi-global phase space properties seems to be plausible in simple cases,
see Section 6. This could be useful for designing block reduction strategies in the computation
of the eigenvalues/eigenvectors of matrices using the QR-flow.

Certainly, from a numerical point of view, the QR-flow does not currently present an effective
alternative to the discrete analogous algorithms for the computation of the spectra of finite
linear operators. However, it has been noticed that, in general, the infinite-dimensional QR-
algorithm (IQR) cannot be sped up using shift strategies [31, 18, 8]. One might expect that in
the continuous infinite-dimensional QR-flow the step-size adaptation of the numerical integration
could be an efficient alternative. Also the results presented here on the finite dimensional case
can be useful in a section-like approach to the infinite-dimensional computational problem. The
ultimate goal could be to obtain numerical methods for high order approximation (or even
validation) of eigenvalues/eigenvectors of finite/infinite dimensional linear operators.

A Properties of the operators Byxy and Ly

In this appendix we summarize some properties of the operators Bxy and Lx = Bx x intro-
duced in Section 3, see (4). We denote by M,, ,,,(C) the set of complex matrices of dimension
n x m. Concerning the operator Bxy we have the following result.
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Proposition A.1. 1. If A€ M, ,(C) and B € My, 1,(C) are non-singular then

Spec(Bx,y) = Spec(Ba-1x4,8-1vB)-

2. Let A = (Aij)lgign,lgjgm S Mn,m((C) such that Aij S Mm,mj (C), for all 1 < i < n,
1 < j <m. Consider the set E;; C My m(C) of matrices such that A € E;; iff Ape =0
for all (k,€) # (i, ). One has Mym(C) = @, @)L, Eij. Let X = Diag(hi,...,J,) and
Y = Diag(jl, e fs) where J; € My, n,(C), i =1,...7r, and J; € M, (C),i=1,...,s.
Then, one has

BX,Y(Ez‘j) C Eij and BX,y’Eij = BJz',jj'

3. Let T : My m(C) = My m(C) be the identity. Then Bxy — (A — u)I = Bx_x1,y—ur and
BY y(H) = 3o (-1 (5) X T HY".

4. Let X € My n(C) and Y € Moy, (C). Then Spec(Bxy) ={7v€C, y=X—pu, \p¢€
C, X € Spec(X), u € Spec(Y)},

5. If X € My n(C) andY € My, 1, (C) are diagonalizable then the operator Bx )y is diagon-
alizable. Concretely, if {v;,1 <i < n} is a basis of eigenvectors of X and {wj,1 < j < m}
1s a basis of left eigenvectors of Y, then {viw;r,l < i< mnl < j < m}oisa basis of
eigenvectors of Bxy .

Proof: Properties 2. and 3. can be checked by a direct computation. To prove 1. we
note that if v € C is an eigenvalue of Bx y then there exists a non-zero matrix H € M, ,(C)
such that XH — HY = ~H. If we define H = A"'HB # 0 then A"'XAH — HB~'YB =
A'XHB - A'HYB = A"Y(XH — HY)B = vH. Ttems 4. and 5. follow from the previous
ones. (]

Concerning the operator Lx the following properties hold.

Proposition A.2. 1. If X € Skew,, then one has Lx (Skew,,) C Skew,, and Lx(Sym,,) C

Sym,,.

2. Let X € H; N Skew,,. Consider r =n/2 if n is even, and r = (n — 1)/2 otherwise. The

(simple) eigenvalues of X are of the form £X\;i, 1 < j <7, with0 < A <X < ... <A\
and where A1 = 0 only if n is odd.

By the previous item, one can consider the restriction of the linear operator Lx to Sym,,.
Then,
(a) if n is even, Lx has an eigenvalue 0 of multiplicity n/2, and n?/2 non-zero simple
eigenvalues £1(A\j — A\g), 1 <j <k <n/2, £i(\j + ), 1 <j <k <n/2

(b) if n is odd, Lx has an eigenvalue O of multiplicity (n+1)/2 and (n® —1)/2 non-zero
simple eigenvalues £i(Aj — ), 1 < j <k < (n—1)/2, £i(A\j+X), 1 <j <k <
(n—=1)/2, j+k>2.

Moreover, we have in both cases a basis of eigenvectors.
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Proof: The first item follows immediately from the definition of Lx. To prove the second
item we prove first that if v is an eigenvector of eigenvalue A of X then v is a left eigenvector of
eigenvalue —\. Indeed, v' X = (X T0)T = —(Xv)T = —Ao'.

Now, suppose first that n is odd. Then A = 0 is a simple eigenvalue of X. Denote by
w € Ker X, w # 0, an eigenvector of eigenvalue A = 0. Let v; be an eigenvector of eigenvalue
Aji,2<j<(n—1)/2of X.

Then, applying Prop. A.1, we have that ww' € Sym,, and vjﬁ;r + T}jv;— €Sym,,2<j5<
(n —1)/2, are linearly independent eigenvectors of eigenvalue zero.

On the other hand, vij + wva € Sym, @© iSym,, are eigenvectors of eigenvalue A;i,
2<j<(n—1)/2, and v;v] + @kva € Sym, ®iSym,,, 1 < j,k < (n—1)/2, are eigenvectors of
eigenvalue (\j—\g)i, j # k, vjvl;r—i—vkva € Sym, ®iSym,,, 1 < j, k < (n—1)/2, are eigenvectors
of eigenvalue (X\; + Ag)i, j < k, and 9;0; + z_)kﬁjT € Sym, ®iSym,,, 1 < j,k < (n—1)/2 are
eigenvectors of eigenvalue —(A; +Ax)i, j < k. Computing the number of symmetric eigenvectors
we obtain the dimension of the space Sym,,.

If n is even then Ker X = {0} and adapting the previous reasoning the result follows. ]

B Proof of Propositions 4.1 and 4.2

In this appendix we prove Prop. 4.1 needed in Theorem 4.1 and Proposition 4.2 needed in
Theorem 4.2, to get the structure of the w-limit set. We start with some preliminary results.

Proposition B.1. Let H € H* such that H = A+ B, where the eigenvalues of A have zero real
part, Spec(B) C R and AB = BA. If A\+ip € Spec (H) then, there exists a non-zero vector
v € C" such that Av = (ip)v and Bv = \v.

Proof: As A and B commute, then also H and B commute. This implies that there exists a
non-zero vector v € C" such that Hv = (A+1ip)v and Bv = A\jv, for some \; € Spec (B). Then
Av = (H — B)v = [(A — A1) +ipjv. As the eigenvalues of A have zero real part, then A = Ay,
and we obtain the desired result. (]

Lemma B.1. If A € M, ,,, B € M, and X € M, satisfy AX = XB,rank (X) = p and
X = X1 Xy where X1 € M, is non-singular and Xo is a M, , matriz such that

0
X2_<X22>’

being Xoo € M, , a non-singular matriz, then

T 0 n —

-1 Y 11 p

X AX1 =T = < Ty Tay > »
n—p p

Moreover, Too and B have the same spectrum.

(2 2 ) ()= ()2
T21 T22 X22 X22 .

Then T12X22 = 0, T22X22 = XQQB. As X22 is non—singular, T12 =0 and SpecB = Spec TQQ. O

Proof: We have
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Proposition B.2. If H € H} with Spec H = {\1,...,\n}, i € R, 1 < i <mn, then there exists
R € T,, such that
R'HR =D+ N,

where N is strictly lower triangular, D = diag (A1, ..., \n)-

Proof: The proposition holds for n = 1. Suppose it holds for matrices in H),, 1 <m < n-—1.
Let z = (Z,2,) € R"! x R be an eigenvector of eigenvalue A of H. We have that z = UL, where

(32) o (0)

Moreover, if we write H = (hjj)1<i j<n, then hjy1; # 0,4 =1,...,n — 1, and this implies that
xn # 0. Applying Lemma B.1 (with B = ()\)), we have that

1
T=U'HU = < T 0 ) ., and Ty =Hpy— —zw',
T21 )\ {L‘n

n—1-
induction, there is U € T,,_1 such that (U*1T11U)T € T,_1. Thus, if R = UDiag(U,1) then
ReT,and (R'HR)" € T,. a

where Hy1 = (hij)i<ij<n—1 and w' = (0,...,0,hpp,—1). This implies that 7y € H5_;. By

Corollary B.1. Suppose that H = A+ B € H}, where AB = BA and Spec A = {0}, Spec B =

n’

{1, ..., 1} C R. Then there exists R € T,, such that
RYAR = Ny, R 'BR =D+ Ny,
where N1, Ny are strictly lower triangular and D = Diag(p1, ..., fin)-

Proof: The result is trivial for n = 1. Suppose that it holds for matrices in Hy,, 1 <m <
n — 1. Let A € C an eigenvalue of H. By Proposition B.1, A is an eigenvalue of B and there
exists a non-zero vector z = (Z,x,) € R"! x R such that Hr = Az, Az = 0 and Bz = Az.
Then, if we define, as in Proposition B.2,

I z 0
o=(o . ) =(7).
we have that

1) (2)
U'HU = < T 0 ) . UTtAU = Tlé) ), vBU-= Tlé) 0.
Tor A Ty, 0 Ty A
where T1; = Tl(i) + Tl(f) e H_,, TS)TI(%) = Tl(f)Tl(ll). By the induction hypothesis, there is
U € T,_; such that (U‘lTﬁ)U)T € T,,_1. As before, if we take R = UDiag(U, 1) then R € T,
and (R'AR)",(R™'BR)T € T,,. O

Lemma B.2. Let A\ # p be two real or complex eigenvalues of H € HY, and let v (resp. w) be
an eigenvector of eigenvalue \ (resp. p). If v = (v, v2) and w = (w1, ws), where vy, w; € C" 2,
vo,wy € C?, then the vectors vy, wo, are linearly independent.
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Proof: Suppose that ajv + asw = (71,0) ", where #; € C"2. Multiplying the last equality
by (H — M) € H,, we obtain as(p — N)w = (1,0) ", where w; € C"'. As w has the last
component different from zero (since H is unreduced) and A # p, we have that e = 0. Finally,
a1 = 0 because the last component of v is different from zero. O

Corollary B.2. Let H € H} and let v and w = v be (complex) eigenvectors of eigenvalues \
and X\, A € C\ R, respectively, If we write v = (vi,vs), where v € C"2 and vy € C? then the
vectors Re v, Im v, are linearly independent.

Proof: By Lemma B.2, v and ws are linearly independent. The corollary follows because
2Re v9 = v9 + U2 and 2iIm vy = vy — V9. O

Proposition B.3. Let H € H}. There exists R € BUTy | with either n; =1 or n; = 2
for 1 < i < m, such that R"'HR = D + N, being N € BLT},, ., with N;; = 0, and
D € BDy, . . Moreover, if diag(D) = (D1, ... D) then either D; € Spec (H) or

yeey

Di:<_2 i), with A+ ip € Spec H.

Proof: Suppose that H € H} has k > 0 pairs of non-real eigenvalues. We will proceed by
induction on k. If £ = 0 the result follows from Prop. B.2. Suppose that it holds for matrices
in Hf with & — 1 pairs of non-real eigenvalues. Let A\ = v +id € SpecH, 6 # 0. By the
Corollary B.2, there exists a matrix

W = ( " ) . with Wi € Mjy_22, Wy € Ma 2 non-singular,

Wy
_ v 0
B_<_M>.

Then, we can procceed as in the real case. We write W = UL where

A Lia W a
(0w ) o= (n)

By using Lemma B.1, we see that

such that HW = W B where

711 O

—y! —
T=U HU_(T21 B

) s and Ty11 = Hqiyp — W1W2_1H21 S HZ—Z-

. . . . ad _92 r ad _92
By the induction hypothesis there exists U € BUTy = |, such that U 'T,ZU e BLT, 7 ...,

with diagonal blocks of the required form. Defining R = UDiag(ﬁ , I3), it follows that R"'HR
has the required properties. [l

The precise statement of Prop. 4.1 follows from the previous results because, since D + N €
BLT},, ., and SpecD;;NSpecD;; = (), there exists L € BLT),, ., with L;; = I, such that
L(D + N)L=! = D (this follows, for example, from Lemma 7.1.5 in [15]).

Corollary B.3. Suppose that H = A+ B € H},, where the eigenvalues of A have zero real part,
AB = BA and Spec (B) C R. Then there exists R € BUTy, ,  with either n; = 1 or n; = 2

for 1 <i<m, such that R"'AR = DY+ NW R1BR = D® + N® peing NU) € BLT?,

oo Tlm
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with Ni(i:) =0, DY) ¢ BD7, .7 =1,2. Moreover, if diag(DV)) = (ng), . .D%)) then either
Dz(l) =0 and DZ@) € Spec (B) or

w_( 0 n @_ (A0 : -
D, _<—M 0), and D, —<0 A), with A +1ip € Spec (H).

Proof: Suppose that H € Hy has £ > 0 pairs of non-real eigenvalues. We will proceed
by induction on k. If k = 0 then the result follows by Proposition B.1. Suppose that it is true
if H has k — 1 pairs of non-real eigenvalues. Suppose that H has k pairs and let A +ip an
eigenvalue of H with u # 0. By Proposition B.1, there exists a no zero vector v € C" such that
Hv = (A+ip)v, Bv=Av and Av =1ipw.

Note that if we write v = x 4+ iy, being x,y € R” then y # 0, and x and y are linearly
independent eigenvectors of B of eigenvalue .

As v is an eigenvector of H of eigenvalue A +ipu, by Corollary B.2, there exists a matrix

W= ( %1 > , with Wy € My_g9, Wa € My non-singular,
2

such that AW = W, and BW = W (5, where

_ 0 u (A0
as(0) a0 %)

Then, we can procceed as in the Proposition B.3. We write W = UL where

A Lis W a
(0w ) o= (n)

By using Lemma B.1, we know that

lrmU:<gig>,aMCMGHLT
Moreover,
zr4AU::<7ﬁ) 0 ) crﬂBU::<7ﬁ) 0 )
7V B, )’ 7% B, )’
where Tl(ll)Tl(f) = Tl(f )Tl(ll ). As By and By commute, we can perform a block diagonal similarity

that allows us to replace By and By by

0 pn A0 .
< 40 > and < 0 A >, respectively.

Then we apply the induction hypothesis to 7T7; and obtain R with the required properties. [

The precise result of Prop. 4.2 follows from the following considerations. As the eigenvalues of
A have real part equal to zero, we can apply Corollary B.3. This means that there exists a matrix
U € BUT,, ., such that UXqU ™' = D+ N, where D = DM 4+ D® and N = N + N®). We
note that since UBU ' = D@ 4+ N2 the matrix D in the previous statement of this Proposition
denotes indeed the matrix D®). As in the proof of Prop. 4.1, as D + N € BLT};, . and
Spec D; ;NSpec Dj j = 0, there exists L € BLT}, ,  with L;; = I, such that L(D+N)L ™' =
D € BDy,

Now, we know that L(D + N)L™' = D and L(D + N)L~! commute (here N = N®).
Equivalently, one has that L(D + N)L~! commutes with D. As Spec (D;;) N Spec(D;;) =
then 0 ¢ Spec (Bp, ;,p, ;) see first item of Prop. A.1. Then, L(D+ N)L ' =D.

)
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C A technical lemma

In this appendix we show how (13) in Theorem 4.1 can be derived from (12). The existence
of a permutation P such that M (t) has block LU-factorization with the block lower triangular
matrix tending to the identity is the key to understand the block structure of the w-limit set.

Lemma C.1. There exists a symmetric permutation matric P € BD), . (therefore P? = 1,,)
such that .
M(t) = Pe!PLL,

has block LU-factorization M(t) = L(t)R(t) where L(t) € BLTy = being
IO
L]v] (t) = T . € BI‘Trl g 7rd
Da(t) o L)

and satisfying

h I

1. ](cz(t) =1, ,;, and

2. L(t) = I, as t — oo.

The proof will be divided into different steps. First, we proof that we can restrict to blocks
having eigenvalues with the same real part.

Lemma C.2. Let P = Diag(P1 1, ..., Pmm), where P;, 1 < i < m, is a symmetric permutation.
Assume that

PjjetPiiLy; = Ly j(t) Ry (t), (23)

where R; ()EBUTTM, T, L ()EBLme ST, and
1. L ](ﬁ])f I, , and

2. I_/k’k(t) — In; ast — cc.

Then, there exists L(t) and R(t) such that diag(L(t)) = (L1,1(t), ..., Lmm(t)), and R(t) =
Diag(R11(t),..., Rmm(t)), and they satisfy the thesis of Lemma C.1.

Proof: One has M(t) (M;;(t))i; € BLT, . where M;;(t) = L;;(t)R;;(t),1 <j <m,
and M; ;(t) = L;;(t)R;i(t)L ”,1<j<z<m Then we define

Lij(t) == Lis(t)Ris(t)Li jR; (1) ™", 1<j<i<m.

It just remains to check that L; j(t) — 0 whenever i > j. One has L; ;(t) = Pz-yietDiviﬁi’iLi,jRM (t)~L
Using (23) it follows

Lij(t) = e py et Primoidnd [y st Paamealn) P L (1) 71,

The eigenvalues of D; have real part oy, then ||e* Dye—arln,) | have a polynomial bound in t.
On the other hand, L; ;(t)~! — I,,,. Since a; < v because i > j then L; ;(t) — 0. O
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As a consequence of the previous Lemma C.2 it is enough to restrict the proof to blocks with
eigenvalues with the same real part. We consider the jth-block which has eigenvalues with real
part equal to ;.

From the structure of D; ; described in (7) note that we can write D, ; = A;j + ajln; + L3,
where A; € Skew,,, and (L})" € Ty, with Ly, = 0.

Lemma C.3. With the previous notation, assume that

where R;(t) € BUT:}f’j’m’rdjyj, fj (t) € BLT:}f’j’,_,,de,j, and
1. Li(t)gr = I, ,;, and

If Ljj(t):=P; ;e P ;L;(t) Py je "4 Py j and R; j(t) :=e' Pj jet P ;R;(t) then (23) holds.
Proof: First, from (7) one checks that
N0 A3) _ 7 N0
DSji2k,5ji2kDSji2k,5ji2k72 - DSjiZk,Sji2k72DSj12k72,8jﬂ:2k727

H0) 5 0) _pW)

~ ()
Dsji(2k+1),sji(2k+1)Dsji(2k+1),sji(2k—1) sj:t(2k+1),sj:t(2k—1)D

s34 (2k—1),5;+(2k—1)"
and hence it follows that L7A; = A;L%. Then,

Pyje'Pri Ly = el Py yet et Ly = ¢ Py et Py T (4R, (1) = Ly (8) Ry (1),
Note that the diagonal blocks of L;;(t) are identity matrices and that L;;(t) — 0 (because
ethi e O,,,; and, hence, has bounded norm). O

It remains to prove the assumptions of the previous lemma concerning the LU factorizations
of PjJetL; ﬁj,j. For simplicity, we shall remove the subindex j in the notation. We note that the
matrix etf” € BLT}, ., has a block structure that satisfies ri1)/24% = 7T(a41)/2-4> 1 < k <
(d —1)/2 (recall that d is odd). This allows to consider P the block anti-diagonal permutation
matrix with identity matrices and perform the product Pe*’” by blocks of size rq,...,7q4.

Lemma C.4. Let P denote the block anti-diagonal permutation matriz with identity blocks of
SIZES T,y ...,Tq.

1. Consider the matrices W (t) and W(t) where W (t) =Diag(W1,1(t),..., Waa(t)), Wii(t) €
D,,,

Wig(t) =t~ LT I W) =t D2 ) 1< < d

)

They satisfy e
Pe!l” = W(t) FW (1),

where F' € My, , is a constant matriz.

2. The matriz F has block LU factorization which will be denoted by F' = LoRy.
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3. The matriz RO/W(t)IA/W*I(t), for |t| large enough, has block LU factorization, that will be
denoted by L1 (t)Ry(t).

4. Pinally, Pe'™" L = T(t)R(t) where L(t) = W (t)LoL1 ()W ()", and R(t) = W () Ri ()W (t).
Moreover, L(t) — I, as |t| — oc.

Proof: The block structure of L* is the same as the structure of a block of D (see Fig. 1
right) but with zero blocks in the diagonal. Let us denote B = e!**. Then, all blocks are 0
except B;; =1I,,,and, for 0 < j < (d—1)/2=5s—1,

i+ »

Bstktotjsth—j = WE(Ts+k+2+j,Ts+k—j)Ta 0<k<s—j—3,
thrl '

Bs kt14js—k—1-j = WE(Ts—k+1+j7Ts—k—1—j), 0<k<s—j-—2.

To prove 1. we note that the elements of F' = W(t)_lpBW(t)_l are given by
Fyy=Wii(t) ' Baip1, Wiy ()

If [ — 7 is odd, then F;; = 0. Hence we consider [ — i even. If [ —¢ > 0 then

ti+1 -
Ba—it11 = WE(Ts+k+2+jaTs+k—j) ,
_ d+l—i—1-2s . d—l—i—1 ; » W
where k = 5 and j = “=5—. From the expression of W;;(t) and W;,(t), one gets

that F;; has a factor t¢ where

l—1 d—1-2] d—1—-2i

and, since [ — 7 is even, ¢ = 0. If [ — ¢ < 0 then

i+l
By_iy1, = G+ 1),E(7“s—k+1+j77“s—k—1—j),
where k = W and j = %. The same computation of the power ¢ gives ¢ = 0 as

before. This proves, in particular, that F' is a constant matrix. Moreover, by construction, F' is
such that F;; =0ifi+1>d+ 1.

To prove 2. we first consider a particular case. Assume that d = 1(mod4). The case
d = 3(mod4) can be handled similarly. Denote by dy (resp. by d_) the number of blocks
having eigenvalues of odd (resp. even) multiplicity. Since d = 1(mod4) one has dy = (d+1)/2
and d_ = (d — 1)/2. Moreover, we assume that all the blocks of odd multiplicity have size rq
and all the blocks with even multiplicity have size ry. The general case will follow from this
particular situation.

Below we use the following notation. For a fixed j > 0, we denote by 0; the null matrix of
dimension [ x j and £(1,j,k) = (Oi,Ij,Ok)T.
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For the considered case, L* is of the form

0
0 0
I, 0 0
L* = I, 0 0 ,

then F' = (W(t))~' Pett” (W(t))_1 has block LU-factorization. This follows since F' = X1(Sq, ®
L)X] + Xo(S4 ®1,,)X, , where ® denotes the Kronecker product, the matrix X; € Mo rids

is
X1=(£(0,r1,n—r1),E(r,r1,n—2r1—712),E(2r,r1,n—3r1 —27r3),...,E(rd—,r1,0)),

where r = 11 + r9; the matrix Xo € M, 1,q_ is
Xo=(E(r1,r2,n—7),E(2r1+72,72,n—21),E(3r1+21r2,72,n—37),. .., E(rd_—7ra, 72,71)),

and, for a positive integer o, the matrix

So = ,
L4 0 0
& 0 0 0

has LU-factorization S, = Ly Ry, Ly = (Mij)i1<ij<o, Re = (7ij)1<i,j<o, With non-zero elements

given by

:(”‘j)!C‘l), > and r,-j:(—1)i+1(i_1)!<j_1), i<

M=\ -1 -y \i—1

To obtain the previous explicit LU-factorization of S, we have used the expressions in Lemma 1
of [1] for the determinants that generate the coefficients of L and U.
Hence, the matrix F' has block LU-factorization F' = LR, where

L=X(Lq, ® I,)X] + Xo(Lg_ ® I;;) X3 € BLT} 0o, and
R = Xl(Rd+ ® I?“1)X{r + Xo(Rq_ ® IT2)X; < BUT?l,Tz,mM,mle'
The general case follows by induction over s = (d 4+ 1)/2. If s = 1, then d = dy = 1,
d_ = 0 and, since F' has only one block, trivially admits a block LU-factorization. By induction
hypothesis, we assume that if the number of diagonal blocks of F' is less or equal than d = 2s—3

then it admits block LU-factorization. Let us prove that if F' has d = 2s — 1 diagonal blocks it
also admits block LU-factorization. We write

F=X1(Sq, ® I))X{ + Xa(Sa_ ® I,) X5 + X3FXg
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where X; = (Xfl), . ,X1(d+)) € My riq, and Xp = (Xél), . ,Xéd_)) € My, rpq_ are given by

2(k—1) 2(k—1) 2k—1 2%k—1
k k
X§):5 Z Tj,T1, 1 Z ri |, XQ()ZS er,rg,n—ZTj ,
j=1 j=1 j=1

al’ld X3 = (_Xvél)7 e 74)(2(61_)) € MTL,'I’L—'I’]d+—T’2d7

ket ket .
3 (7’1 + D T T2 — TN = TRy — D5 rj) if k odd,

(k) _
X3 = £ (rg + Zfill Ty Tht2 — T2, — Tkt — E;tll rj) if k even,
and F has d = CZ_|_ +d_=2s—5 blocks, being cii =dy — 2.

By induction hypothesis, the matrix Sy L ® 1 and Sq_ ® 1, admits LU block decomposition
(with squared blocks of size r; and rg, respectively). We denote Sq, ® I, = Lg, Ry, , where
Lq, € BLT)% ., Ry, € BUT;'% . Similarly, Sq ® I, = Lq_Ry_, where Ly € BLT}2% .
R,, € BUT2Y .

Moreover, the matrix F' admits LU decomposition, say F' = LR, where

i e BLT 4+ ke BUT" &N

T2,73—T1,'4—T2,.. 7d+*7‘1’ 72,73 —T1,4—T2,.. 7d+*1”1'

Since X{ X1 = Iy, Xy X2 = Inpa_, X§ X3 = In-rydy—red_, X{ Xj = 0fori #j,i,j €
{1,2, 3}, then F' admits a LU block decomposition, F' = LR, where

L=XLg X\ +XoLq X5 +X3LX] € BLT! and

T1,72,71,73—71,72,74—72,..,72d—4"
. T T .
R=X1Rq, Xy +XoRg Xy + X3RX3 € BUTZ 72,1, T3 =T 1,T2,T4—T2,..,T2d—4"

Finally, we note that some of the 2d — 4 obtained diagonal blocks in the LU decomposition
above are smaller than the original diagonal blocks of F, being the block partition of the de-
composition finer than the block partition of F'. Therefore, there exists a block LU factorization
with the original partition of F', which is the required decomposition F' = LgRy of item 2.

Note that, by construction, Ry has blocks (Rp)ii+1 = 0, 1 < ¢ < d — 1. Moreover, the
diagonal blocks (Rp);,; are invertible. This follows since det(F") # 0 (note that PF' € BLT}

15e5Td
with identity blocks in the diagonal). Denote by N(t) = W (¢t)LW ~!(t) € BLT" then

Lyeeny Td?
(N(t))ij =P L5 1<i<d, 1<j<i, (24)

where p p
12§ 192

If d = 1(mod4), one has p(i,i) = 0 and, for i odd, p(i,i — 1) = 0. If, on the other hand,
d = 3(mod4), one has p(i,i) = 0 and, for ¢ even, p(i,i — 1) = 0. In all the other cases
p(i,7) < —1in both cases. Hence, when ¢t — oo, only the diagonal blocks and some blocks of the
subdiagonal remain. The properties of the blocks of Ry stated previously imply the existence of
block LU factorization of RyN(¢) when t = oo and, hence, when |¢| is large enough. We denote
it L1(t)R1(t). This proves item 3.

pli,j) =j—i+|[
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One checks the indentity Pe'l"[ = f(t)ﬁ(t) directly. Finally, since N(¢) has limit when
|t| — oo and the limit is invertible, it follows that L(¢) also has limit when [¢| — co. Then

ol

()i, = "D (LoLy(t))i,

where d—1-2  d—1-2;
oy d=1-2 d—1-2j
i) = 4222y 4l

One checks that ¢(i,j) < —1 if ¢ > j, which implies that f(t) tends to I, when |t| — oc. O

Remark C.1. If in the proof of Lemma C.1, we put A; = 0, for all j, that is, Dj)j = ajln; + L7, the

thesis is also true and, moreover, R(t) = Diag(emlﬁm, ey emmﬁmm).
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List of Figures

1

Left: Typical form of a block Yj; of w(Xp). Right: Reordered Jordan normal
form used in the proof of Theorem 4.1. In both plots, the blocks labelled by Ok,
k=1,3,... (resp. by Ek, k = 2,4,...), have simple eigenvalues A € Spec(Xj)
with the same real part and odd (resp. even) multiplicity mult(A) > k. In the
right plot, Id refers to the identity matrix of the corresponding dimension. .
We consider Xy from Example 4.2. Left: We display log((X (¢))4,3) as a function
of t. The straight lines correspond to y = 5 —z and y = 6 — z. Right: We display
log((X(t))6,5) as a function of log(¢). The straight lines correspond to y = —2z
and y = 1.8 —2x. . . . . L
Phase portrait of the system (21) for ¢ = d = 2. The triangular equilibrium
matrices A, correspond to the line of fixed points y = 2. The matrix C corres-
ponds to the fixed point at (1,1). . . . . . . . . ...
Left: Evolution of the coefficient 11 of the trajectory of Xo. as a function of
the integration time t for ¢ = 1072 (green), ¢ = 0 (blue) and ¢ = 1072 (red).
For € = 1072, z1; tends to be m-periodic, reaching a sequence of maxima close
to 8. For € = 0, x11 tends to be 2m-periodic. For € > 0, x1; tends to 2. Right:
Projection onto the coordinates (2,1, 72,2, 232) of the w-limit for X2 (red),
X0, —10-2 (green), and the periodic orbit of Xoo (blue). The 7m-periodic orbit
obtained as w-limit for € > 0 (resp. for € < 0) are observed in the coordinates
plane z21 = 0 (resp. x32 = 0). For € = 0 the w-limit is the 2m-periodic orbit of

From left to right, we show the orbit of Xy in cases (i) a = 7/2, f = w/4, (ii)
a=m7/2, f=m/2and (iii) « = 7/4, f ~ 0.361367. In the first case the orbit is
dens in a 2D torus. In the cases (ii) and (iii) the orbit is a periodic orbit.

We display the evolution of 31 with respect the time integration (top) and the

projection onto the (z7 1,2, )-plane. Left: Orbit of X(()@. Right: Orbit of X(I)&\Q.

Homoclinic and heteroclinic orbits to X4 +. We represent some components of
the solution X (t) of the QR-flow starting at X;, 1 < ¢ < 8 In both plots
we display the coefficient x5 3 in the y-axis. Left: In the z-axis we display the
coefficient 1 1. The four equilibrium matrices are projected onto the points (0, 1)
and (0, —1). The homoclinic orbits appear as ellipses tangent to the origin. Each
curve corresponds to two homoclinic or heteroclinic orbits (they are superimposed
in this projection). Right: In the z-axis we display the coefficient x; 2. The four
equilibrium matrices are at the vertices of the square. The four homoclinic orbits
start in one of the vertices, go to the center of the square and return. The four
heteroclinic orbits are clearly observed. . . . . . . ... ... ... ... .....
Homoclinic and heteroclinic orbits to X :FJZ (labelled by ijk in the top plots).
In the bottom plots the points represent projections of more than one equilib-
rium matrix. Top left: Heteroclinic orbits to these equilibria. The two pieces
of orbits which go to the bottom left vertex of the window correspond to the
same heteroclinic orbit from X;Q’fr to XE?)+ . Top right: a scheme of the local
homo/heteroclinic structure. Bottom left: The same of top plot, but in a larger
window, to see the full heteroclinic orbit from X;er to X E; . Bottom right: In
the displayed projection each pair of points on the same horizontal coordinate in
the top left plot project onto the same point. . . . . .. ... ... ... .....
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Figure 1: Left: Typical form of a block Yj; of w(Xp). Right: Reordered Jordan normal form
used in the proof of Theorem 4.1. In both plots, the blocks labelled by Ok, k = 1,3,... (resp.
by Ek, k = 2,4,...), have simple eigenvalues A\ € Spec(Xp) with the same real part and odd
(resp. even) multiplicity mult(A) > k. In the right plot, Id refers to the identity matrix of the
corresponding dimension.
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Figure 2: We consider X from Example 4.2. Left: We display log((X(t))4,3) as a function of .
The straight lines correspond to y = 5 —x and y = 6 — x. Right: We display log((X ())e5) as a

function of log(t). The straight lines correspond to y = —2z and y = 1.8 — 2x.
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Figure 3: Phase portrait of the system (21) for ¢ = d = 2. The triangular equilibrium matrices
A, correspond to the line of fixed points y = 2. The matrix C' corresponds to the fixed point at

(1,1).
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Figure 4: Left: Evolution of the coefficient x1; of the trajectory of Xo . as a function of the
integration time ¢ for e = 1072 (green), ¢ = 0 (blue) and € = 1072 (red). For ¢ = 1072, 213
tends to be m-periodic, reaching a sequence of maxima close to 8. For ¢ = 0, x1; tends to be
2m-periodic. For € > 0, z11 tends to 2. Right: Projection onto the coordinates (21,22, 232)
of the w-limit for X 9-2 (red), X, _19-2 (green), and the periodic orbit of Xog (blue). The
m-periodic orbit obtained as w-limit for € > 0 (resp. for e < 0) are observed in the coordinates
plane z21 = 0 (resp. z32 = 0). For € = 0 the w-limit is the 27-periodic orbit of X .
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Figure 5: From left to right, we show the orbit of Xy in cases (i) o = 7/2, f = w/4, (i)
a=m7/2, B =mn/2and (ili) « = 7/4, 5 ~ 0.361367. In the first case the orbit is dens in a 2D
torus. In the cases (ii) and (iii) the orbit is a periodic orbit.
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Figure 6: We display the evolution of z3; with respect the time integration (top) and the
projection onto the (x1 1, 22,1)-plane. Left: Orbit of XEJQ. Right: Orbit of X(]?\Q.



FIGURES

Figure 7: Homoclinic and heteroclinic orbits to X4 +. We represent some components of the
solution X (¢) of the QR-flow starting at X;, 1 < i < 8. In both plots we display the coefficient
x93 in the y-axis. Left: In the z-axis we display the coefficient x; ;. The four equilibrium
matrices are projected onto the points (0,1) and (0,—1).
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The homoclinic orbits appear as

ellipses tangent to the origin. Each curve corresponds to two homoclinic or heteroclinic orbits
(they are superimposed in this projection). Right: In the z-axis we display the coefficient 1 .
The four equilibrium matrices are at the vertices of the square. The four homoclinic orbits start
in one of the vertices, go to the center of the square and return. The four heteroclinic orbits are

clearly observed.
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Figure 8: Homoclinic and heteroclinic orbits to X ;T,; (labelled by ijk in the top plots). In the
bottom plots the points represent projections of more than one equilibrium matrix. Top left:
Heteroclinic orbits to these equilibria. The two pieces of orbits which go to the bottom left
vertex of the window correspond to the same heteroclinic orbit from X;éfr to X 1+23+ . Top right:
a scheme of the local homo/heteroclinic structure. Bottom left: The same of top plot, but in
a larger window, to see the full heteroclinic orbit from X;zfr to X1+23Jr Bottom right: In the
displayed projection each pair of points on the same horizontal coordinate in the top left plot

project onto the same point.



