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Abstract

Under some non degeneracy conditions we give asymptotic formulae for the
stability parameter of a family of singular-limit Hill’s equation which depends
on three parameters. We use the blow up techniques introduced in [7]. The main
contribution of this paper concerns the study of the non degeneracy conditions. We
give a geometrical interpretation of them, in terms of heteroclinic orbits for some
related systems. In this way one can determine values of the parameters such that
the non degeneracy conditions are satisfied. As a motivation and application we
consider the vertical stability of homographic solutions in the three-body problem.

1 Introduction

Given a € (0,2) we consider the following Hill’s equations
F—(M+ Ay )z = 0, (1)

where A\, Ay € R, Ay # 0, g = g(¢;9) is a periodic function that depends on a parameter
d € (0,60] with dg small enough, g(t;0) > 0 for all ¢ and ¢g(0;0) — 0 for 6 — 0. Therefore, the
equation (1) has a singularity at t = 0 for § = 0.

The purpose is to study the stability of (1) for small values of 6 > 0 under some hypotheses
to be specified below.

There is an exhaustive bibliography on the topic of stability of Hill’s equation ([5]). The
main point of present paper lies in the fact that the family of periodic functions that we consider
approaches a singular limit. This is a natural problem which appears in some applications to
be described later.

Let U(z) = 2*V (z) be a real function defined on an open interval (0, z) where V(z) is an
analytic function for z > 0 such that

(A1) there exists z,, 0 < z, < 2z, such that V(z,) = 0, V(2) < 0 for all z € (0,z2,) and
V.(z) > 0 for all z € (0, 2p). (V2(z) stands for the derivative of V(z) with respect to z.)

(A2) V(2) =+ 2°Vi(z), with v < 0, s > 252, and Vi(2) is an analytic function on an open
set J, J D0, z4].

Let us consider the conservative system

2 = =U.(»), (2)
with U(z) satisfying (A1) and (A2). We denote the energy of (2) by
Z'2
E = 5 T U(z). (3)

We shall assume the following hypothesis for g(t; )



(B) For 6 > 0, g(t;9) is the periodic solution of (2) on the energy level E = —§ such that
9(0;0) = go, g(0;6) = 0 being gy the minimum of g(¢;0).

Note that for 6 > 0, g(t;9) satisfying (B) is an even periodic function with period T' =

T(6) that tends to a finite value when § goes to 0. Moreover, from (3) we have gy =
1
o0\~ s
(M) (14 0(0%)).
The motivation to study the equation (1) comes from a problem on Celestial Mechanics. The

planar three body problem with some homogeneous potential has the well known homographic
solutions. For these solutions the configuration of the bodies is preserved for all time. In [6] and
[7] the linear stability of these homographic solutions was studied after reducing the problem
to a four order linear nonautonomous system. However, if we consider the planar homographic
solutions in the spatial three body problem, the vertical stability is determined by an equation
of the type (1) (see [9]) where the related potential U(z) is the following one

U(z) = 2 (—1 + 222_ a) (4)

(07

with @ € (0,2). An important particular case is the Newtonian potential which corresponds to
(4) with o = 1. In this case, g(t;6) = 1 — ecost where § = (1 — €2)/2 and e is the eccentricity
associated to the orbit.

We shall write the equation (1) as a first order system

% = A{t)x, A(t) = ( )\1+;\)29a_2 é) (5)

depending on three parameters, A1, A2 and §. To simplify the notation the dependence on
these parameters will not be explicitly written if there is no confusion. We shall use the same
convention for all linear systems which appear in what follows and for their corresponding
monodromy matrices.

We note that system (5) is Hamiltonian, with Hamiltonian function

H(xy,x9,t) = % [—()\1 + /\ggo‘_2):17% + x%], x = (x1,22)7T.
Let ®(t) be the fundamental matrix of system (5) such that ®(0) = I, being I the identity
matrix. As usual, we define the stability parameter as tr = tr(®(7)) = p+ 1/u where p, 1/u
are the eigenvalues of ®(T) (see [8]).

The following theorem gives us the asymptotic behaviour of tr as § — 0. In this theorem,
we shall assume non degeneracy conditions in the sense that some coefficient is different from
zero. The meaning of this coefficient is that the dominant terms on the stability parameter are
the expected ones.

Theorem 1. Let us consider the system (5) where g(t;0) satisfies the hypothesis (B) and

assume non degeneracy conditions. Let be A= ’y% where v is defined in (A2) and § =

W /1= )‘—)\2 Assume Ao # 0 and Ay # \. Then we have the following asymptotic behaviour for
the stability parameter when & goes to 0

2 X
log|tr] = kl—ﬂaﬂlogé(l—ko(l))—i-..., if Ay > A,

2 . .
tr = /<:2+/<:300s<k4—%5(1+0(1))log5>+..., if Ao < A



In the last case, 0 = Bz The coefficients kj, j = 1,...,4 are constants with k3 # 0, ka +k3 < 0
and ko — ks > 0.

In the case Ay > X (recalling that A < 0), for § small enough we have that |tr| > 2, and
the system (5) is hyperbolic. If Ay < ;\, tr oscillates between ko + k3 and ko — k3 as § tends
to zero. Then, depending on the values of ko + k3 and ko — k3, tr can cross the lines tr = —2
and tr = 2 infinitely many times for ¢ small enough. This would implies that infinitely many
intervals in 0 where the system is elliptic alternate with infinitely many hyperbolic intervals.

We remark that in general, X depends on two parameters, that is )\( v) < 0. However,
in the case (4), v = —1/a and A= —(28—2‘). According to the theorem, this is the critical
value of A\ which separates oscillatory and exponential behaviour of tr. In particular, for the
Newtonian potential we get A=—1 /8.

Theorem 1 can be applied to a particular family of Ince’s equations using the following
result.

Lemma 1. Let us consider the following Ince equation

(1+acost)yj+ bsinty + (¢ + adcost)y =0, (6)
where a,b,c and d are real parameters, b =0 or b= —2a, and |a| < 1. Then (6) can be reduced
to the equation

A2
Y e =0 7
<1+1—|—acost>$ Q

with \y = —d, o =d—c ifb=0and, \y = —d—1, \a =d—c+ 1 if b= —2a. Moreover, (6)
s the most general Ince equation that can be written as a Hill equation.

We shall give a proof of this lemma in the appendix 6. In fact, (7) is the equation obtained
using the homographic potential (4) with & = 1. Now we can apply theorem 1 to the equation
(6) with 6 = (1 — a?)/2. We note that (6) depends on three parameters a,c and d and our
result applies for |a| ~ 1. Moreover, in this case A=-1 /8. In the plane of parameters (c,d),
Ao = A defines a lined—c¢ = —1/8 if b= 0 and d— c+1 = —1/8 if b = —2a. This line separates
oscillatory from exponential behaviour as |a| goes to 1, under non degeneracy conditions.

In section 2 we prove theorem 1 using the same techniques introduced in [7]. The idea is to
perform a blow up of the singularity which allows us to compute the dominant term of tr(® (7))
as 0 goes to 0, by using an appropriate approximation of ®(7") for § small enough. Some values
of the parameters can cancel that dominant term and then our asymptotic formulae do not
hold. The nondegeneracy conditions are introduced in order to prevent this case. The precise
definition is postponed to the beginning of section 3 as definition 1, because it requires some
linear systems which are introduced in section 2. The rest of section 3 is devoted to the study of
the non degeneracy conditions. We shall see that they depend on the existence of heteroclinic
orbits in some related systems, in the sense that, if there are not heteroclinic orbits then, the
non degeneracy conditions are satisfied and the asymptotic formulae given in theorem 1 hold.
In the case of the homographic potential (4), we determine values of the parameters giving
rise to these heteroclinic orbits. We shall see that these values define some limit curves in
the (A1, A2)-plane as 0 goes to zero. Furthermore, we have computed numerically tr for the
homographic potential with different values of . Note that for general «, the solution g is
not available explicitly. Assume that « and § are fixed. Then the curves tr= £2 define the
stability and instability regions in the (Aj, A2)-plane. In section 4 we show how these curves
tend to the ones defined by the heteroclinic orbits as § goes to zero. In section 5 we study the
existence of collapsed gaps in the equation (7) for any value of e.
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2 Proof of theorem 1

Using the reversibility of the system, ®(7) can be written as
O(T) = & 1(~T/2)®(T/2) = L& YT /2)LO(T/2) (8)

where L = diag(—1,1).

In order to prove the theorem we shall work, for § > 0, with a linear system without any
singularity. To this end, we introduce new variables defined by u = S(t)x, where S(t) =
diag(1,q), ¢ = q(t;9) defined as ¢ := g%Ta. We note that, for § > 0, S(t) is non—singular for all
t. By introducing the new time 7 via dt = qd7, the new system is

W = B(rju, B(r)=q(5+SA4)S" = ( N +OM2 ; ) , )

where ' = %. We shall denote by 7(9), or simply by 7, the period of g(¢; ) in the new time 7.

Let U(7) be the fundamental matrix of system (9) such that W(0) = I. Then, ®(t) =
S=L#)W(7(¢))S(0). As S(t) is T-periodic, we get that ®(T) = S~1(0)¥(7)S(0) and so, ®(T)
and ¥(7) have the same eigenvalues. Using (8) it is easy to check that

U(T) = LU~ (T /2)LY(T/2). (10)

Our purpose is to obtain an expression of W(7/2) for 6 > 0 small enough in order to
compute the dominant terms of the trace of U(7'). It turns out that the technique introduced
in [7] can be applied to our problem after some obvious modifications. In the rest of this section
we summarize the main steps of this technique and refer to [7] for the details.

We define Q = —(2 — a)g~%§ = —(2 — a)qg~ /= g where ¢ = g*~%/2 as before. Then,
using the time 7, ¢(7), Q(7) is a solution of the following system

1
¢oT e (11)
/ @ 2 l—ayr (4
= QP+ (2 (@),
Q@ = @ (-0l U
where § := ¢%/2=%) From (3) we get that the system above has a first integral
Q?
E=§|—"—— 7) | . 12
(5 e + V@) (12)

The behaviour of the orbits of (11) is summarized in figure 1. On the level set E = 0 we distin-
guish two saddle points Py with (¢,Q) = (0,£Q,), @p = (2 — @)\/—27, and two heteroclinic
orbits 7o, 74+. The system (11) restricted to ¢ = 0 does not depend on V(z) and it is easily
integrated. So we get for 7p, to be denoted as solution L

qr, (1) =0, Qr, (1) = —Qptanh <ﬁ@ljr> ,

Let us denote by qr,(7), Qr,(7) the solution of the system (11) restricted to 4 such that
Q1,(0) = 0. We note that this solution can not be obtained explicitly because it depends on
the potential V(z). However for the homographic potential (4) we get this solution explicitly
as

qr,(T) = g4/ cosh <2_Taqa7'> , Qr,(T) = Qptanh (2_Taqa7'> .
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Figure 1: Left: Phase portrait of (11) for « = 1 and U(z) = z(—1 + 2/2). Right: An
illustration of the sections used in the proof.

Notice that ¢r,(0) = 2= g,

We note that we are interested in the solutions of (11) near the heteroclinic cycle defined
by 70,7+ and the equilibria Py. More concretely, in the level £ = —4.

Given €,¢€;,1 = 0,...,3, small enough, we define the following sections (see figure 1 right)

Yo={(¢;Q)[0<q<e,Q@=0} ¥1={(q,Q)|0<qg<e1,Q=-Qp+ e},
Yo={(¢,Q) ¢ =¢€Q+Qp <e}, EY3={(¢,Q)]|0<qs—q<e3,Q=0}.

For a fixed value of € > 0, sufficiently small, we can take small enough ¢; for ¢ =0,...,3, such
that the Poincaré maps P; : Xg +— X1, Po : 31 +— X9, and Pg : X9 +— X3 be well defined. Figure
1 right shows an illustration of the sections to be used.

We denote by 77, > 0 the time defined by Qr,(71,) = —Qp + €, and sz, > 0 such that
qr,(—$L,) = €. Using the symmetry of (11) one has Qr,(sr,) > 0. Note that 77, and sr, are
finite and independent of § once € is fixed.

For a fixed value of § > 0 small enough, we consider the solution of (11) with F = —d such
that (¢(0),Q(0)) € Xy, ¢(0) = go, the minimum of ¢(7). Using the hypothesis (A2) and (12)
we get that gy = q(0) = (5/|y))@~/3% (1 + O(55/)). Let 71 be the smallest positive time
such that (¢(m1),Q(71)) € £1. In a similar way we define 75 such that (¢(72), Q(72)) € Xo. It is
clear that 71 and 7o depend continuously on é. Moreover 71 — 77, and 7 /2 — 79 — s, when
d — 0. We refer to [7] for the proof of the next lemma.

Lemma 2. Let € > 0 be a fized small enough value. Then, for any sufficiently small § > 0 we
have

2 € 2 €
mlog <m> <m-—7 < Qp_glog <q(7'1)>. (13)

Furthermore, ¢(71) can be derived from (12) when Q = —Qp, + €, E = —§. One easily
obtains

T B Chnd) o 0 or §—
log (q(n)) = 5 logd (1+o0(1)) for §—0. (14)



System (9) can be written as

=B B0 = (L g ) B@Q). )

Let (7, 7,) be the transition matrix from 7, to 7, of system (9). Then, we can write
V(T/2) = U(T/2,7)¥(r,m)¥(r1,0), (16)

where we recall that 71, 79 and 7 depend on §. On the interval [r9,7 /2] it will be more
convenient to use a new time s = 7 — 7 /2 similar to the time used along Ly. Let I'(s) be the
fundamental matrix of u’ = B(s+ 7 /2)u (' denotes here the derivative with respect to s) such
that I'(0) = I. It is easy to check that

@(7/2,7'2) = F_l(—Sg) = LF_1(32)L, S9 — T/Z — T79.

Therefore _ ~
V(T /2) = LT} (s2) LY (72, m1)¥(71,0).

Our purpose is to approximate the transition matrices involved in W(7) by simpler ones.
Following [7] we introduce the limit systems

u = Br, (T)u, Br, (1) = Ba(0, Qr, (7)), (17)

u = Br, (T)u, Br, (1) = BG(QLz (7—)7QL2 (7)) (18)
and define Z;(7), Z2(7) as the fundamental matrices of (17) and (18) respectively, such that
Z1(0) = I and Z5(0) = I. In the interval [y, 2] we write

B) = B0.-Q)+ Bl B0-@) =, o, ). (19)

Bi(r) = ( Aloqz —(Q +0Qp)/2 )

We note that B,(0,—Q),) has eigenvalues pt = %(1 + ), being f = /1 — % The corre-

sponding eigenvectors are (1,p%)T. We assume that Ay # A, so pt # p~ and B,(0,-Qp)
diagonalizes. Moreover for § > 0 sufficiently small, ¥(73, 1) can be approximated by ¢ PDP~!
(see [7]) where

0 = exp (%(Tz - n)) , P= ( p1+ pl_ > , D =diag(c”,077).

Therefore we can write
U(T/2) = 0LZy  (s1,) LPDP ' Zy (1, )(I + A3) (20)

where Ajg is a matrix depending on §, ¢ and on the parameters Ay, A2, @ and «. It has norm
|As]| = o(1) for § — 0. By substituting (20) in (10) we get

U(T)=M(I+0), M=LE'D'XLX'DE,



where E = P71 Z(71,) , X = P"'LZ5(s1,) and O depends on ¢ and also on A1, A2, o and 7.
The dependence on € cancels because the matrix W(7') is independent of the arbitrary choice
of e. The norm [|O|| is o(1) for § — 0. The important fact here is that the matrices £ and
X do not depend on §. Now the trace of M gives us a suitable approximation of the stability
parameter tr.

We introduce the following notation

€3 €4 3 T4
Then a simple computation shows that

2(pt —p7)?

trace(M) = 74
1d2

(261623)3:1740‘26 + 2eseqwa90 20 — (114 + wo3) (€104 + €2€3)) (21)

where dy = detZ,(7,) # 0, do = detZs(sr,) # 0. Using Liouville theorem we can compute

(2—a)/a
_ an _ QLz(SLz) _ €
dy = (cosh <72(2 — a)TL1>> , do = 7% o

Remark 1. :Tf Ay > 5\, then pt € R and it is clear that all the matrices involved in M are
real. If Ay < X, pT are conjugate complex numbers and 3 = (i. In this case one has E = FE,

X = FX and D = FDF, where}":<0 !

10 ) and the bar stands for complex conjugate.

Then M is also a real matriz and we get

+ _ )2 .
trace(M) = W( Re(eieax3240%°Y) — Re(Z3x4) Re(e182)) (22)
1d2

It is clear that in the case Ay > ;\, the dominant term in (21) as § goes to zero, is ej egx3x40%0
if and only if ejegzgxy # 0. We recall from (14) that 0 — 0o as 6 — 0. The non degeneracy
condition will be defined in order to ensure that this inequality holds.

To finish the proof of theorem 1 we shall assume ejeszgxy # 0. If Ay > A using (21) we

write N )
Aot — -
tr:caw(l—i-...), c= Melegazgm#o.
2

Notice that ¢ does not depend on 6. Taking logarithms and using (14) we obtain

(2-a)
2

(07

log |tr| = log |c| — logd (1+o0(1))+....
In the case Ay < \, using (22)
tr = ClRe(C()O'2Bi) +eo ... (23)

for some constants ¢;, i = 0,1,2. We introduce cs3, ¢4 as cg = cze!. Then

2-a)

(07

tr = cjegcos <C4— Blog5(1+o(1))> +e ..

where

8(pt —p )P 20507
dids  dids

c1 = <0, co= —Cl|€1€2l‘3$4|A, c3 = |€1€2l‘3l‘4|,

for some A € R, |A| < 1. In this case tr oscillates mainly between cy+cic3 < 0 and ca—cye3 > 0.
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3 The non degeneracy condition

In this section we shall study the non degeneracy condition and we look for the values of the
parameters a, A1, Ao such that the non degeneracy condition is satisfied. To do this we need
to know the behaviour of e, es, r3 and z4. These coefficients are related to the elements of
matrices Z;(7z, ) and Za(sr,), which are the fundamental matrices of (17) and (18) respectively.

To be more precise let vi(7), va(7) be the solutions of (17) such that v;(0) = (1,0)” and
v2(0) = (0,1)T respectively. In a similar way, let wi(7), wa(7) be the solutions of (18) such
that w1(0) = (1,0)” and wo(0) = (0,1)7 respectively. Then

1 _ 1
ei=——"7-<Y ,vi(Tr,) >, Tito =

——— <y wi(sp,) >, =12
p=—p p~ —pt i(s12)
where y~ = (p—,—1)T, y* = (p,1)T and <, > stands for the scalar product. In order to
simplify the notation from now on we shall use v;, w;, i = 1,2 to denote v;(7z,) and w;(sr,),

i = 1,2 respectively. Therefore, the coefficient of o7 in (21) is

Ao~ = o) p+)261623:3:134 =
didy
4 Vi Wi
lvillllwill <y~ ><y", >, (24)
G = LL Il <y™o g wil
where || || = || ||2- Notice that ||v;|| # 0, and ||w;|| # 0, for i = 1,2.

We recall that the systems (17) and (18) are obtained from (15) by substituting (¢, Q)
by (0,Qr, (7)) and (qr,(7), Qr, (7)) respectively. So, we consider (15) and we introduce polar
coordinates in (15) as u; = 7 cos ¢, ug = rsinp. Then

¥ = rsing ((Alqz + A2+ 1)cosp — % sin <p> ) (25)
¢ = (Mg*+ N2)cos?p — % sin ¢ cos ¢ — sin? . (26)
We write v;(7), w;(7), i = 1,2 using polar coordinates as v;(7) = 7;(7)(cos ;(7), sin ¢; (7))

and w;(7) = 742(7)(cos pit2(T), sin p;12(7)) with ¢ 3(0) = 0 and p24(0) = /2.
Moreover, if v(7) denotes a solution of (15)

_ v(7) o cos o) — sino(r n v(T) ot eosols) 4 sin o
Yo 7T s meineln) Sy Z= ot eoseln) sine(n) (27)

To cancel (24) we must set to zero some of the factors <y, ﬁ >or <y, ﬁ >. The non
degeneracy conditions will be defined in terms of the limit behaviour of that %actors.

Remark 2. If Ay < A, p* are complex numbers a £ bi with a # 0,b # 0. Now for any T,
p~cosp(T) —sing(T) # 0 and pt cos(T) + sinp(r) # 0. We say that in this case the non
degeneracy condition is satisfied and, hence, (23) follows.

Definition 1. Assume Ay > \. We say that the non degeneracy conditions are satisfied if and
only if the following limits exist and

(T

lim <y, >#£0, for i=1,2, (28)
700 Vil
lim <y, wi(7) >4£0, for i=1,2. (29)

00 [[wi ()]l



Assume that (28) and (29) are satisfied. Then for any finite 7 > 0 sufficiently large, (24) is
different from zero and the dominant term in (21) is the one corresponding to 7.

Lemma 3. Assume 0 < a <2 and v < 0.
(a) If Ay > 0, then

. _ Vi(’7) _
1 AN _ ot
lim <y Vi >=(p pr)cospy #0 (30)

where @ = arctan(p™) for i = 1,2, and the condition (28) is satisfied.
(b) If2/3 < a <2 and Ao y) < Xy < 0, then (28) is satisfied.

(c) Assume o <2/3 and v = —ka*(1 + O(«)) for some k >0 and —2 < s < 2. Then there
exists a sequence {ay tr>1 with oy = 2/3, limy_,oc o, = 0, and for any oy, there is a finite
sequence of Ao values

N k k k k
Masy) =A%) <A <. <Al <af) =0
such that for a = ay, and As = )\g?, j=0,1,....k—1 the condition (28) is not satisfied.

Moreover, if a = ag and Ao # )\g?, j=0,1,....k then (28) holds.

Notice that the hypothesis on v in (c¢) includes in particular, the cases of constant v inde-
pendent of «, as well as the case v = —1/a corresponding to the homographic potential.

We have performed some numerical computations in the case v = —1/a which corresponds,
in particular, to the homographic case. As we shall see in next section these numerical results
support the following conjecture

Conjecture 1. If vy = —1/a, the values given in (c) of lemma 3 are

2 . k2

— -1 = — > 1. 1
TR and hence A ag; —1/ax) k (31)

o 2k + 1’ =

Lemma 4. Let us consider the homographic potential. Assume o € (0,2) and Ay > 5\(@) are
fized. Let be )\go) = —(a/2)(p")% Then

(a) If Ay > )\(0), the condition (29) is satisfied.

(b) There exists a decreasing sequence of A1 values, {)\gk)}kzo, with limg_ )\gk) = —00 such
that the condition (29) is not satisfied. Moreover if A\ # )\gk) for any k > 0, then (29)
holds.

Remark 3. We note that for the homogrqphic potential (4), v = —1/a and so, p™ depends on
a and Xo. Therefore, if we fix a, for Ao > A\, A\| = —%(p+)2 defines a curve in the (A1, A2)-plane
which can be written as

(2-a)

- (32)

IN

)\2 = —$(2A1+(2—Q)\/ —)\1), fO’I” )\1

Figure 2 shows these curves for some values of a. The curves end at the point (A1, Aa) =

(—(2 —a)?/16,\).
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Figure 2: Plot of the curve Ay = —%(p*)?, (32), in the (A;, A2)—plane for different values
of a. From top to bottom the curves correspond toa = 1.9,1.5,1,2/3,2/5,2/7,2/9,2/19.
The dashed line gives the end points of these curves.

Remark 4. If %)\1 + Ao > 0, it is easy to check that Ay > )\go) and so, (29) is satisfied.

Next sections are devoted to prove lemmas 3 and 4. The condition (28) involves the
solutions of (26) along ~y. We note that they depend on the parameters o,y and \o. However
(29) involves solutions of (26) along ~y. Therefore they depend on a,v, Ay and A;. We
shall see that in both cases, the condition fails for the values of the parameters such that the
corresponding system has an heteroclinic orbit.

3.1 Heteroclinic orbits for the system along ~.

We consider the system (25), (26) with (¢,Q) = (0,Qr,(7)). We introduce a new variable
u=—Qr,(7)/Qp. Then we get the following equations for ¢, u

/

¢ = Aycos?p+ —;u sin ¢ cos ¢ — sin? ¢, (33)
1 o 2
g — 1 - .
u 52 —a) Qp(1 —u”)

In order to check (28) we must study the solutions of (33) such that (¢(0),u(0)) = (0,0),
(7/2,0). Assume that tan ¢(7) — p~ when 7 — oo for one of these solutions. Then (28) does
not hold. We shall see that in this case we have an heteroclinic orbit of the system (33). We
recall that (28) has been defined for Ao > A. However in this section, to look for heteroclinic
orbits, it will be convenient to consider also Ay = A

We note that (33) is 7 periodic in ¢. So, we only need to consider (33) in the region

R={(p,u)|p € [-m/2,7/2], uw € [-1,1]}. (34)

However to study the existence of heteroclinic orbits it will be more convenient to consider
¢ € R. We summarize the important marks of the qualitative behaviour of the system (33) in
the following properties:

1. The lines v = 1 are invariant.

2. If Ay > A, (33) has four equilibrium points in R

(90’ u) = (904-’ 1)’ (90—’ 1)’ (_(10-1-’ _1)7 (_90—7 _1)’ P+ = arCtan(p+)v Y- = arctan(p_)

10



3. If Ay > A, (¢—,1) and (—¢_, —1) are saddle points, (o4, 1) is an attractor and (—¢,4, —1)
a repellor. For a saddle point, P, we shall denote by W*(P) (W#*(P)) the branch of the
unstable (stable) invariant manifold of P, contained in —1 < u < 1.

4. If Ay = 5\, @+ = p_ and the system has only two equilibrium points on R of saddle node
type. In this case, W*(P) (W*(P)) will denote the fast unstable (stable) manifold in R
of the saddle node point.

5. The system has the following symmetry (¢, u,7) — (—@, —u, —7). Therefore, if
(¢o(7),u(T)) is a solution, then (—¢(—7), —u(—7)) is also a solution.

6. For values of 0 < o < 2, v < 0, and Ay = 0, we have ¢, = arctan(Q,/2) and ¢_ = 0.
In this case ¢ = 0 is invariant under the flow defined by (33) and W"((—¢_,—1)) and
W4 ((¢—,1)) coincide.

Remark 5. We recall that we are interested in the orbits of the points (p,u) = (0,0) and
(7/2,0). It is clear that the w—Ilimit set for these orbits is one of the equilibrium points inu = 1.
If these orbits go to an attractor (p+ — km,1) for some integer k, then lim,_ tan o(7) = pT.
In this case,

lim <y, Y o (L1 — g eospr £0 i e £ A

700 [[vi(T)ll
and (28) is satisfied. However, if one of these orbits goes to a saddle point (p— — km,1), for
some integer k, then the limit above equals zero and (28) does not hold. In this case using the
symmetry and the periodicity of (33), one has an heteroclinic orbit.

Let us consider « € (0,2), v < 0 and Ag > X(a,’y). We shall denote by ¢*(0;, 7, \2), or
simply ¢*(0; A2) if @ and ~y are fixed, the value of ¢ at the intersection point of W*((—¢_, —1))
with u = 0. Notice that using the symmetry and the periodicity of (33), ™ (0; v, 7y, Aa) = —k7/2
for some positive integer k if and only if W*((—¢_,—1)) and W*((¢— — km, 1)) coincide.

Lemma 5. For o = 2/3 and Ay = \(2/3;7), W%((—p_,—1)) reaches u = 0 with ¢ = —7/2.
Then an heteroclinic orbit between the points (—p_, —1) and (p——m,1) exists. This heteroclinic
orbit has an easy analytical expression given by uw = p~ /tan ¢.

Proof The lemma follows by checking that u = p~/tan ¢ is invariant under the flow defined
by (33). 0

Lemma 6. Let us assume 0 < a < 2, v < 0. Then ¢"(0;\2) is a continuous increasing
function of Ao for A < g < 0.

Proof Let p1, po be such that A < g1 < pg < 0, we shall prove that ©"(0, p1) < ©*(0, p2).
For fixed o and ~, ¢+ depend on Ay, so we denote them as ¢4 (A2). It is simple to check
that —p_ (1) < —p—(u2). We denote (33) as

¢ = fle,u;Xa), v =g(u)

One has f(p,u; 1) < f(p,u; p2).

Let us consider the unstable invariant manifold of the point (—¢p~,—1) for Ay = puq, Wi
and let I' be the arc defined by W for —1 < u < 0. Recall —p_ < 0 in the present case.
We define Ry the region in the (¢,u) plane bounded by I', Ty = {(0,u)] — 1 < u < 0},

Lo = {(¢, =) —¢ (1) < p <0} and T'3 = {(,0)|¢" (0, 1) < ¢ < 0}. If we take Ay = po,
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the corresponding vector field (f,g) given by (33) on I and I'; points inside to the region Rs.
Now Wﬁz is contained in Rs for 7 << 0 and it leaves Ry through I's. Therefore Wﬁz intersects
u = 0 at some point " (0, pu2) > ©"(0, 11). This ends the proof. O

Proof of lemma 3 Let us consider 0 < o < 2 and Ay > 0. On ¢ = 0, we have ¢’ = Xy >0
and if we restrict to ¢ = 7/2, ¢’ = —1. Therefore the w-limit set of the orbits through (0, 0)
and (7/2,0) is the attractor (¢4, 1). Then (30) follows using the remark 5.

To prove (b) we consider first & = 2/3. We know after lemma 5 that for Ay = \(2/3;7)
there exists an heteroclinic orbit given by u = p~/tan ¢, where p~ = Q,/4 = /—2v/3. In this
case we have ©%(0; A\(2/3;7)) = —n/2. Using lemma 6, and ¢*(0;0) = 0, we conclude that for
a=2/3

—7/2 < g0 M) <0 for A< A <0 (35)

and there are not heteroclinic orbits. Moreover this implies that for these values of Ay the
w-limit set of W"((—p—_, —1)) is the attractor (p4+ — 7, 1), and it is easy to check that the
w-limit set of the orbits through (0,0) and (7/2,0) are the attractors (¢4 — 7, 1) and (¢4, 1)
respectively. Using the remark 5, part (b) for o = 2/3 follows.

Now we assume 2/3 < a < 2. We shall prove that

—m/2 < 9" (0; A(e; 7)) < 0. (36)

Then, using the same argument as before, (35) holds and (b) will be proved. To prove (36)

we take Ay = 5\(a; 7). We recall that in this case, the equilibrium point (—¢_, —1) is of saddle
node type. It is easy to check that the fast unstable direction is given by the vector Vi =

(—2(2 — @)@y, (16 + Q2))”". Let us introduce

_ o _ @ (2-ay
~ tany’ pe= 41’_ 4 (37)

x={(p,u)|u=flp), —m/2<p < —p_}, flp)

We remark that if 2/3 < a < 2, x is not an orbit for the flow defined by (33) (see figure 3).
However, it is clear that f(—¢_) = —1 and lim,_,_. /5 f(¢) = 0.

Let R be the region in the (¢, u) plane bounded by x, x1 = {(p,u) | —7/2 < ¢ < 0,u = 0},
{(p,u)| —p- <@ <0,u=—1} and x2 = {(p,u)| ¢ =0,—1 < u < 0}. We shall prove that
in a neighbourhood of the equilibrium (—¢_, —1), W*((—p_,—1)) is contained in R, and the
only way to leave R is through the u = 0 axis. This means that (36) holds.

Let be (¢,u) € x. The tangent vector to x is Vo = (1,—Q,/(4sin? ¢))T. Moreover, on x
the vector field defined by (33) can be written as

T
/=2
@ 5 7) where F

%
16tan2 '

Vs=F <— sin? @,
Notice that for —7/2 < ¢ < —p_, one has F' > 0. A simple computation shows that

V2 V2
VoA Vs = TWF(?,a ~92)>0  and lim TWF(?,a —9)>0 if a>2/3
p——T

This implies that if (p,u) € x, the orbit goes inside R for positive time. Moreover, ¢’ < 0,
along xo. Therefore if (,u) is a point in the interior of R, the only way to leave the region R
for positive time is through u = 0.

12
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Figure 3: Plot of vector field (33) for @« = 1, v = —1 and X\s = A as7y)) = —1/8.
The dashed line is the graph of the function u = f(¢) and the continuous line shows

WH((—¢-, —1)).

Furthermore, Vo _ = (1,—(16 +Q32)/ (4Qp))T is the tangent vector to x at the equilib-
rium (—p_,—1). Then Vo A V) = (16 + Q2)(3cr — 2)/2 > 0, if @ > 2/3. Therefore, in a
neighbourhood of (—¢_,—1), W*((—¢_,—1)) is contained in R. This ends the proof of (b).

From now on we shall consider v = y(a) = —ka’(1+0O(a)) for some k > 0 and —2 < s < 2.
First we take Ao = A(a;y). We recall that A(a;7y) = —Qg/lG. From (33) for u? < 1 we get

1 1 1 1
¢ = —5(1—1—02)—5(02—1)cos2g0+cusin2<p§—5(1—1—02)4—\/Z(C2—1)2+02u2, (38)
, 2ac
u < ,
2—-a

where ¢ = @Q,/4. We note that if u> < 1, then ¢’ < 0. Moreover on the region B = {(¢p,u)| —
1/vV2 < u <0} we get ¢ < —%(02 +1—+c*+1). So, in the region B, the vector field defined
by (33) can be bounded by the following one

1
A —5(02—1—1—\/04—1—1), (39)
N 2acc
= .
2 -«
Then
~/ 2
%:—(2 _aa)(c—kc_l—l— 2 +c?). (40)

If v = —ka*(1 + O(a)) we get ¢ = k1a®?(1 4+ O(a)) for some constant k; > 0 and then the
right hand side of (40) goes to 0 as « goes to 0. Once W enters B the vector field (33) is
bounded by the constant one defined by (39). Then for any M > 0 large enough there exists
ajs small enough such that for any 0 < a < ayy

A~ ~

(00,7, A) < =M, y=7(a), A=)

However, from (b) we have for o = 2/3, ¢%(0;2/3,7,A) = —x/2. Using the continuity of

~

©“(0; ¢, 7y, A) with respect to «, for a > 0, we get the existence of a sequence {ay }r>0, with

13



a1 = 2/3 and limy_, o, o = 0, such that

O (0; oy, N) = —km /2, k>1,
where v = y(ag), A = Aag, 7).

Let us fix now a@ = a4 . From (a) we know that for Ay > 0 there are not heteroclinic
orbits. So, we only need to consider A(ay,~) < A2 < 0. Let us consider the function ¢%(0; Az).
Then ¢*(0;\) = —km/2 and ¢“(0;0) = 0. After lemma 6 we know that %(0;\2) is an
increasing continuous function of Ay for Ay € [5\, 0]. Therefore, there exists {)\g? }i=0,1..k such

that cp“(O;)\gf}) = —j7m/2, that is, if Ay = AR) j =0,1...k — 1, there exists an heteroclinic

257
orbit and (28) is not satisfied. Moreover, if Ay € [),0], Ay # Ag’?, ©"(0; \a) # —mm/2 for any
positive integer m. Following the remark 5, we have now that (28) holds. O

We have performed some numerical computations using the homographic potential (4) for
a € (0,2). For the system (33) we have computed the unstable invariant manifold
W"((—¢—,—1)) up to its intersection with w = 0. We know by lemma 5 that for o = 2/3
and Ay = A(2/3) = —1/3, there is an heteroclinic orbit between the equilibrium points
(—p—,—1) and (p_ — m,1). Figure 4 shows W¥((—p_,—1)) in —1 < u < 0, for (a,\2) =
(2/3,X(2/3)),(2/5,A(2/5)). In both cases we have heteroclinic orbits. We note that in the case
a = 2/5 after lemma 3 there exists Ag,1, A(2/5) < Ag.1 < 0 such that ©*(0;2/5,\a.1) = —7/2.

i}
=
o

T
o
l

IIII%IIII

I
I
o
o
c

-1,0

Figure 4: Plot of W"((—¢_, —1)) for the system (33) in the (¢, u)—plane, with param-
eters (a, A2) = (2/3,—1/3),(2/5,—4/5). The equilibrium points are denoted with a box
for = 2/3 and a diamond for a = 2/5.

~

The values ay such that ¢"(0; g, A(ai)) = —kn/2 for some positive integers k have been
computed numerically. It turns out that all the computed values satisfy (31). So, these results
support the conjecture 1. We note that after lemma 3, for @ = «, there are exactly k values
of the parameter \y greater than 5\(04;7) such that there exist an heteroclinic orbit of (33).
However the numerical computations also show that for ax11 < o < o, there are exactly £+ 1

~

values of A2, A(a) < A2 < 0 giving rise to an heteroclinic orbit.
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3.2 Heteroclinic connections for the system on 7,. The homo-
graphic potential
In this section we shall consider the homographic potential (4). In order to study the non degen-

eracy condition (29) one has to consider the system (25), (26), with (¢, Q) = (q1,(7), QL,(7)).
As before we introduce u = Qr,(7)/Qp. Then we get the following system for ¢, u

2
¢ = <EA1(1 —u?) + A2> cos® p — % sinp cos ¢ — sin® o, (41)
2 -«
u/ = 1— U2 .
o ( )

We remark that 74 depends strongly on the function V'(z) which defines the potential. To get
the system (41) we have used the particular form of V(z) in the homographic case.

The condition (29) involves the solutions of (41) such that (¢(0),u(0)) = (0,0), (7/2,0).
Now, if tan (1) — —pt as 7 — oo for one of these solutions, (29) is not satisfied. As before,
we will see that in this case there exists an heteroclinic orbit of (41).

The system (41) can be analyzed in the same way as (33). However, we recall that (41)
depends on the parameters o, Ao and \;. Moreover, if Ay > A (41) has four equilibrium points
in the region R (defined in (34))

((p?u) = (()0-1-7_1)7(90—7_1)7(_90-1-71)7(_90—71) (42)

and (¢4,—1),(—p4,1) are saddle points, (—p_,1) is an attractor and (¢_,—1) a repellor.
For a saddle point, P, W"(P) stands for the branch of the unstable invariant manifold of P,
contained in —1 < u < 1. We also denote by ¢“(0; v, Aa, A1), or simply ¢“(0; A1) if & and A are
fixed, the value of ¢ at the intersection point of W*((¢4, —1)) with u = 0. The symmetry given
in the property 5. also holds for (41). Therefore, ©"(0;a, A2, A1) = —k7/2 for some positive
integer k, if and only if an heteroclinic orbit exists between (p1,—1) and (—p4 — km,1). We
remark that the existence of such an heteroclinic orbit implies that (29) is not satisfied.

Remark 6. To check (29) we are interested in the orbits of the points (0,0) and (7/2,0). If
the w-limit set for that orbits is an attractor (—p_ — km,1) for some integer k, then

. - W _ , %
lim <y Twall >=(=1)F(p" —pT)cosp_ #0, if Ay # A

T—00
and (29) is satisfied. However, if the w-limit set of one of these orbits is a saddle point

(—py — km, 1), then the limit above is zero.

Proof of lemma 4 Let us denote the equations (41) as

¢ =fleuh), v =g(u).
We assume that « and A\ are fixed. So, the equilibrium points are fixed. We claim
1. f(m/2,u; A1) = —1 < 0 for any u, A\
2. ¢"(0; A1) is a continuous increasing function of A\;

3. Let M > 0belarge enough. Then there exists \; = A\; (M) < 0 such that ¢“(0; A1) < —M
and A (M) tends to —oo as M goes to oo.
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If A = /\go), it is easy to check that W"((¢4,—1)) has the simple analytical expression u =

—(1/pT)tanp. Then ¢*(0; )\go)) = 0. Using the symmetry, there is an heteroclinic orbit
between the points (¢4, —1) and (—¢4,1). Therefore (29) is not satisfied.

Let us consider now Ay > )\go)_ Using claims 1. and 2. we have
0="(0:M") < @"(0s A1) < 7/2

Therefore W*((¢+,—1)) goes to the attractor (—¢_, 1) as 7 — oo and (a) is proved.

From claims 2. and 3. we get a decreasing sequence of A\; values {)\gk)}kzo, such that

limy o0 )\gk) = —oo and ¢"(0; )\gk)) = —kn/2 and then there exists an heteroclinic connection

between points (¢4, —1) and (—¢4 — km, 1). This implies that (29) does not hold and part (b)
is proved.

Now we prove claim 2. We note that ¢4+ depend on « and Ay. So, if we fix these parameters
the equilibrium points are fixed. We shall prove that if p; < po then ¢"(0;u1) < ©"(0; u2).
Let W}, be the unstable invariant manifold of (¢, —1) for Ay = p1 and T the arc defined by
W for =1 <u < 0. Let R3 be the region bounded by I', ¢ = /2 and the lines v = —1 and
u=0. It is clear that f(p,u;u1) < f(p,u; pu2). Therefore the vector field (f,g) for Ay = o on
I', points inside R3. The same is true on ¢ = 7/2. Moreover using the linear approximation
of W/, we can see easily that in a small neighbourhood of (pg,—1), W, is contained in Rs.
Therefore W, leaves R3 through a point on v = 0 with ¢ greater than ©"(0; p11).

Now we prove claim 3. Let M > 0 be large enough and K > 0 such that —(2K + 1)7/2 <
—M < —(2K — 1)w/2. We shall assume A; < 0. Let us introduce L = —A;/a — A2 and the
region B = {(¢,u)| —1/v2 <u <0}. If (p,u) € B from (41) we get

L+1 L—1)?  Qpu
LLIYICTb L i
2 4 16

U
Y < —Lcos2cp— QTpsincpcosw—sin2cp < -

Then, if we take L > max{3/4,Q2/16} we get

1 1
¢ < —§(L+1— VLZ+1) < 1

However, if (¢,u) € B, ¢ € [—-7/2,7/2], using that

L 2

it is easy to get ¢’ < —K? by removing adequate small neighbourhoods of ¢ = 47 /2. Moreover,
from (41), v’ < (2 — a)/V2au.

Summarizing, if (¢, u) € B and ¢ € [—7/2,7/2], the vector field defined by (41) is bounded
by

g, 2—«

A':—i, =22 i g2 on/2 4 ]Ulr/2 - 02 (43
and by
P = K2 i = 2\/‘2_5, it pel-m/246 726, (44)

where 6_ = Jarccos(1 — 1), 01 = 125 <K2 -1+ %) We remark that if we take L > 0 large
enough (that is, A\; < 0 and |\;] large enough) we can take 5_ < 1/K?, once K is fixed.
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Now, if we take initial conditions ¢ (1) = 7/2, @(79) = —1/v/2, the variation of @ as ¢ goes
from 7/2 to —m/2 under the flow defined by (43) and (44), is

A = (2\/_2_5) (85_ 4+ I ;{25‘> < (2\/_2_5) (85_ n %) _(2-a9E+m)

When this orbit intersects the line ¢ = —(2K + 1)7/2 the variation of @ is bounded by

22— a) (84 )
V2« K
By taking K large enough we get A < 1/4/2. Let us consider W*((¢4, —1)). Once it enters

the region B, it is bounded by the orbits of (43), (44). Then it crosses the line ¢ = —M at
some point with v < 0. This proves claim 3. O

At < (K+1)Azu <

Using the homographic potential (4), we have computed numerically some of the values
of the parameters A\, Ay giving rise to heteroclinic orbits of (41). In the Table 1 we give the
first values of A; for @ = 1 and three different values of A;. Figure 5 displays the curves
Ao = )\gj )()\1), 0 < j < 5. We recall that for j = 0 the curve is given analytically in lemma 4
(see also remark 3).

X2 = —0.1 X2 = —0.01 Ao = 1
AT 0130901699 ... | —0.239895788 ... | —1.000000000. ..
AW T —0.742705008 ... | —0.979687364.... | —2.250000000. ..
A2 [ —1.854508497 ... | —2.219478940. .. | —4.000000000. ..
A1 3466311896 .. | —3.959270517... | —6.250000000. ..
AW 5578115204 .. | —6.199062098 ... | —9.000000000. ..
AP [ 8189918693 ... | —8.938853668 ... | —12.25000000. ..
AT _11.30172209. .. | —12.17864524... | —16.00000000. ..
A —14.91352549 ... | —15.91843682... | —20.25000000. ..
AT —19.02532880. .. | —20.15822839.... | —25.00000000. ..
AP 2363713228 | —24.89801997... | —30.25000000. ..
AT [ 2874893568 ... | —30.13781155... | —36.00000000. ..

Table 1: First critical values of A\; giving rise to heteroclinic connections for @ = 1 and three
different values of .

4 Numerical stability /instability regions

We have computed the stability parameter tr, by integrating numerically the differential equa-
tion (1). A systematic use has been made of higher order Taylor methods, see [4] and references
therein for description and a public available package and [10] for a didactic presentation and
examples. The homographic potential (4) has been used in the computations. We recall that
for « = 1 (Newtonian potential), the solution of (2) on an energy level F = —§ is obtained
explicitly in terms of the eccentricity e, where § = (1 — e?)/2. For a € (0,2), a # 1, the
equation (2) can not be explicitly integrated. However one can define a generalization of the
eccentricity (see [7]) through § = (2 — a)(1 — €?)/(2a). To show the numerical results in this
section we shall use indistinctly parameters ¢ and e.
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Figure 5: Plot of the curves Ay = )\gj)()\l) for a = 1, in the (A1, Ag)-plane. From right to
left 7 =0,1,2,3,4,5. The dashed horizontal line is located on Ay = —1/8, the level at

which all the A end.

First, we show the results for « = 1. In figure 6 we show for Ay = —0.1, the stability

parameter tr as a function of —log;q(1 —e) for A\; = /\go), )\gl) and nearby values. We recall

that for )\go)’ )\gl), (29) is not satisfied. In figure 6 we observe a constant behaviour of tr as e

goes to 1. Moreover, the limit behaviour of tr changes from —oo to co as A\; goes through )\go)

in a decreasing way. A similar change in the limit behaviour is observed as Ay goes through

1
AW,

Figure 6: Plot of tr as a function of e (in the horizontal axes we plot —log;,(1 — e)) for
Ay = —0.1 and different values of \;

For a fixed value of e, the curves in the (A, A\y)—plane such that tr= £2 define the stability
and instability regions in the plane of parameters. We have computed numerically that curves.
We recall that for & = 1, A = —1/8. We know from lemma 3 that the condition (28) is satisfied
for any A1 and Ay > A However, after lemma 4 there are some curves in the (A1, A\y)-plane
defined by Ay = )\gj), j =0,1,... where (29) fails (see figure 5). In figure 7 (a), we plot the
curves with tr= 42 for e = 1 — 27 in a neighbourhood of the origin. If A\; > 0, As > 0,
all points give rise to instability. For Ay < 0 and Ay < 0, there is mainly stability but some
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instability pockets appear. Instability pockets in Hill’s equations are very common, both in
the periodic Hill’s case (see [1] and references therein) and in the quasi-periodic one (see [3]
and references therein). We remark that the stability channels become here narrower as the
parameters A1, A2 move to the second and third quadrant. So, if \{ Ay < 0, there is instability
except inside extremely thin tongues where the system is stable. Figure 7 (b) shows a larger
neighbourhood of the origin. We observe that the stability channels become very thin close to
two “critical lines” (see also the figures 7 (c) and (d)). This fact appears in all families of Hill’s
equations of the form % + (a + bp(t))z = 0 in the (a, b)-plane, see [2]. Figures 8 (a) to (f) show
the evolution of the stability and instability regions as e goes to 1. We see that the stability
tongues for Ay > —1/8 go quickly to the limit curves Ay = )\gj), 7 =0,1,... For \; < 0, we
observe that the instability pockets in Ay < A change and accumulate to the line Ay = —1/8 as
e goes to 1. However, if A < Ag <0 the instability pockets tend to some limit regions bounded
by Ao =0, Ay = —1/8 and Ay = )\gj). For (A1, A2) in these limit regions, the system is unstable.

-100 -50 0 50 100 -100 -50 0 50 100

(c) (d)
Figure 7: Stability and instability regions in the (A;, Ay)—plane fora = 1. (a) e = 1—-279,
(b) 1 — 279 but in a larger domain, (c¢) 1 — 272 (d) 1 — 27™. Note that the changes
when e — 1 are hard to distinguish at present scale.

Figure 9 (a), (b), (c), (d), shows magnifications of figure 8 for e = 1 — 27101 — 27201 —
27301 — 2740 respectively, in a neighbourhood of Ay = —1/8. Moreover, in these plots we
display also the curves Ay = )\gj)()\l) for j = 0,1,2,3 (see figure 5). In figures 9 (a) and (b),
one can distinguish these curves as the ones having an end point on A = —1/8. We can see
that the stability tongues in the region Ay < 0, Ao > 0 become thinner and quickly tend to the

curves \g = /\gj)(/\l) as e goes to 1.
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Figure 9: Stability and instability regions in the (A;, Ay)—plane for o = 1.
1-2710 (b)) 1—2720 (¢) 1—27%, (d) 1 — 2%

Figures 10 and 11 show the stability /instability regions for some values of o < 1. Like in

the case a = 1, we can distinguish the limit curves Ay = /\gj ), 7 =0,1,.... However after lemma

3, we know that for some values of o < 1, there are A\j, Ao values such that (28) is not satisfied.
So, additional limit curves are expected in these cases. To explain the results, from now on, for
aj in lemma 3 we shall use the values given by the conjecture 1, that is we shall assume that the
conjecture is true. Let us take a = 0.5. Then A = —0.5625..., and 2/5 = ap < @ < a = 2/3.
Therefore, there are exactly two values of Ao, with \ < A2.1 < A2 = 0 such that for any Ay,
(28) is not satisfied. In figure 10 we see the evolution of the regions for a = 0.5 and different
values of e tending to 1. If Ay < 5\, the instability pockets accumulate from below to the line
A2 = A However, for A< o < 0, they tend to some limit regions along two horizontal strips
which are limited by the lines A = 0, Ay = Ag.1 and Ay = A (see figures 10 (c) and (d)). In the
figure 11 (a) and (b) we take o = g = 2/5. In this case, there exist A= A22 < Ag1 < Agp =0,
such that for any A1, (28) does not hold. Therefore, we get two strips of limit instability regions
for A < Ay < 0. For a = 0.2 we have A\ = —2.025... and a5 < a < ay. In this case there exist
A< A24 < A23 < Ao < Ag1 < Ay = 0. So, there are five strips of limit regions for A< Ay <0
(see figures 11 (c) and (d)).
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Figure 10: Stability and instability regions in the (A, A2)—plane for & = 0.5. (a) e
1-1072, (b) 1 —107%, (¢) 1 — 1075, (d) 1 — 10-1°,

1 1
05 05 -
0 0

\
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22
Figure 11: Stability and instability regions in the (A1, Ag)—plane (a) (a,e) = (0.4,1 —
107%), (b) (a,e) = (0.4,1—1077), (c) (a,e) = (0.2,1—=1072), (d) (o, €) = (0.2,1—1075).



Finally, in order to check the goodness of the asymptotic formulae given in the main theorem
we perform the following computations. For a fixed value of « and taking v = —1/«, we select
a point (A1, A2) in the parameter plane. Then we use the least squares method to fit the
numerically computed tr by a function

£(6) = Zq + zplog d if )\2>5\(a)
| 2+ 23cos(z1logd 4+ 24)  if Ao < Aa)

In this way we can compare the values z; and z; with the theoretical ones predicted by the
asymptotic formulae, that is,

¢ (2—a)

(2—0[) /\2
SRS 20

1

ﬁ:_ 20 _5\(&)7

Note that zg and z! do not depend on \;. The computations have been done for « = 1 and
a = 0.5. In any case, the points (A1, A2) have been selected at different regions (see Tables 2
and 3). So, for & = 1, points Ay, As, Ag lie on the limit regions defined by )\go)j /\éo) and )\éo)
with Ay > 0 (see Table 1). Other points are plotted in the Figure (12). The signs +, — on this
figure mean that tr goes to +00 or —oo as e goes to 1, at the limit region. At C7,Cy we have
oscillatory behaviour of tr. In the case e = 1/2, points (A1, A2) have been selected in a similar
way according to the limit regions (see Figure 10).

The Table 2 shows the values of z, and z, for parameters A1, Ay corresponding to hyperbolic
behaviour of tr. One can see a very good agreement between z, and z}. In the figure 13 (a)
we plot log |tr| as a function of log d, using the numerical computation of tr, for some values of
the parameters a, A\; and Ag. The difference log |tr| — (z, + 25 log d) is displayed in the figure
13 (b). Similar plots are obtained for different values of the parameters. Table 3 shows the
values of z;, i = 1,...4, in cases of oscillatory behaviour as well as 2{. Figures 14 (a) and (b)
show the typical behaviour of tr and tr — (22 + 23 cos(z1 log § + z4)) respectively, as functions
of log 9, in the elliptic case.

0.2

N \)\1(1) ‘ ‘ \(Alan
| +o - L4
As’ AN Ay \

wl - -+ N

-0.2

-0.3 +

-0.4

-1.5 -1 -0.5 0

Figure 12: Some of the points used in the check of the goodness of the formulae.
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point | « Y Za 2 2

A 1 |-05] 1 4.3439101933... | -1.5000000000... —3/2
Ay 1 |20 1 1.0757003494... | -1.5000000000... —3/2
As 1 |-30] 1 1.0815271087... | -1.5000000000... —3/2
Ay 1 |-0.7|-0.01 | -2.7537028676... | -0.4795831523... | —/23/10
As 1 |-1.2|-0.01 | -3.2980826090... | -0.4795831523... | —/23/10
By |05] 10| 1 6.66605868... -2.50000000... —5/2
By |05] 1.0 -0.3 3.17124093... -1.02469507... | —/4.2/2
By [ 05| 1.0|-0.55| 4.99803332... -0.22360679... | —/0.2/2
By |05]-1.8| -0.1 | -1.90615984... | -1.36014705... | —+/7.4/2
Bs |05]-20| 05 1.10195805... -2.06155281... | —+/17/2
Bs | 05]-40| -0.1 | -1.80582582... -1.36014705... | —+/7.4/2
B; 105]-40| 0.5 0.82486302... -2.06155281... | —/17/2

Table 2. Least squares fit for

some values of the

parameters giving rise to hyperbolic

behaviour.

point | « YDy 21, 22 23, 24 2

C; | 1 ] 0.1]-0.3]-0.591607978300025 | -3.25904693119756 | —/1.4/2
-0.758707554534354 | -0.99960080326998

Cy | 1 [-0.2]-0.3]-0.591607978302245 | -2.19337090928979 | —/1.4/2
0.193094342117449 | 0.979970152735149

Ey |05 1]-0.8 | -0.974679434482771 | -54.9061553695576 | —+/3.8/2
5.12366550763497 | -0.0251374945219104

Ey |05 ] -2 -1 | -1.32287565553419 | -2.23700973253491 | —+/7/2
0.0313389295860508 | -0.394244091090544

Table 3. Least squares fit

behaviour.
140
0L
100 -
-5e-09
60 |
2000 -80 -60 -40 20 085 -80 -60 -40 20
(a) (b)
Figure 13: Plots for a« = 0.5, \; = —1.8, Ay = —0.1 with logd in the horizon-

for some values of the parameters giving rise to oscillatory

tal axes (a) Graph of log|tr| numerically computed. (b) Plot of log |tr] — f(0) with
zq = —1.90615984216061, 2z, = —1.36014705088255.
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Figure 14: Plots for a = 1, Ay = —0.2, Ay = —0.3 with logd in the horizontal axes (a)
Graph of tr numerically computed. (b) Plot of tr — f(4) with z; = 0.193094342117449,
29 = 2.19337090928979, z3 = 0.591607978302245, z4 = 2.16162250085465.

5 On the collapsed gaps

In this section we apply the results of [11] concerning coexistence of periodic solutions to the
equation (7). We recall that (7) includes the Newtonian case of homographic potential where
a is minus the eccentricity. Coexistence is related to collapsed gaps which corresponds to the
endpoints of instability pockets found in the (A1, A2)-plane. In this way we can give additional
information about the instability pockets for the equation (7).

We shall write (7) as

(1 +acost)i — (A + A2 + Ajacost)r = 0. (45)

If a = 0, the solutions can be obtained explicitly. In this case, if A\ + Ay < 0, the stability
parameter tr=tr(A;, \2) oscillates with |tr| < 2, and [tr| = 2 for some special values of (A1, Ag).
In the (A1, A2)-plane the lines defined by

AL+ A = —7”L2, n>0, (46)

2
A+ Ay = —(n—k%) R n>0 (47)
give rise to tr= 2 and tr= —2 respectively.

For a # 0 small enough, one can expect that tr crosses the lines £2, for values of A1, Ao
near the ones defined by (46) and (47), giving rise to some instability regions. So, if we fix
a # 0, small enough, in a neighbourhood of each line (46) and (47), we should have two curves
such that tr= 2 and tr= —2 respectively. Moreover it is well known from the general theory of
Hill equation (see [5]) that [tr| = 2 is related to the existence of 2w and 47-periodic orbits. So,
following the notation used in [11], we introduce aay,, Bon, aon+1 and [a,41 such that

- for Ag = =\ + agn(a, A1), (45) has a non trivial even 27-periodic solution,

(
for Ao = —A1 + fBan(a, A1), (45) has a non trivial odd 27-periodic solution,
for Ao = —A\1 + agnt1(a, A1), (45) has a non trivial even 4rm-periodic solution,
)

for Ao = =\ + Pant1(a, A1), (45) has a non trivial odd 4m-periodic solution.
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It is clear that if a = 0 one has a9, = B2, = —n? and agni1 = Pons1 = —(n+1/2)2, for n > 0.
Furthermore for any a # 0 and Ay such that o, (a, A1) # Bn(a, A1), we get an instability interval
for Ag. However it may happen that a,,(a, A1) = Bn(a, A1) for some values of the parameters
a, A1 and some positive integers m. In this case the instability interval for Ay degenerates to a
point and we get the so called collapsed gaps. For a fixed value of a # 0, they can be seen in
the (A1, A2)-plane as the endpoints of the instability pockets (see figures 8, 9).

We trivially get collapsed gaps for any a, |a] < 1, on the A\j-axes. If we take Ay = 0, the
equation (45) reduces to & — Ajz = 0. So, for A\; < 0 we get collapsed gaps if \; = —k? and
A = —(k+1/2)% k >0, that is, agi(a, —k?) = Bar(a, —k?) = —k? and agyy1(a, —(k+1/2)?) =
B (@, — (k + 1/2)%) = —(k + 1/2)2.

Lemma 7. Assume 0 < |a| < 1 is fized.

1. If \y = —k? for some integer k > 0, then ao,(a,\1) = Bon(a, A1), for n > ko where,
ko=kifk>1, and kg=11if k=0.

2. If \y = —(k+1/2)? for some integer k > 0, then aopy1(a, \1) = Bans1(a, A1), forn > k.

Otherwise, oy, (a, A1) # Bm(a, A1) for m > 1, and there is an open instability interval for As.

Proof Following [11] we introduce the polynomial Q(u;a, A1) = 2a(u? + A1). Then the main
result in [11] implies that

(a) sign [aon(a, \1) — Ban(a, \)] = sign %1 Q(m;a, \p) for n =1,2,3,...

(b) sign [agnt1(a, A1) — Bont1(a, \)] =sign I Q(m —1/2;a,\1) for n =0,1,2,3,...

where the sign of a real number z is understood to be —1,0, 1, according to whether z < 0,
x = 0 or z > 0 respectively. Assume A\; = —k2?, k > 0. Then the right hand part of (a)
vanishes, for n > k if £ > 1 and for n > 1 if kK = 0. This proves first part of the lemma. In a
similar way, part 2 holds after (b). Moreover, if \; # —k? and A\; # —(k +1/2)2 for any k > 0,
then Q(p,a, A1) and Q(p—1/2,a, A1) do not have integer roots, and the right hand part of (a)
and (b) is different from zero for any n. O

Assume a is fixed. The lemma above implies that the endpoints of instability pockets are
on the vertical lines \; = —k? and A\; = —(k+1/2)?, with k > 0 integer. Moreover these points
are in the halfplane Ay < 0. Figure 15 shows the instability pockets in the (A, A\2)-plane for
three values of a. We plot also some vertical lines with constant A; . Moreover three fat points
on the line Ay = —4 are distinguished. They correspond to endpoints of one pocket for three
different values of a.
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6 Appendix
To prove lemma 1 we use a very well-known result for the general Ince equation

(14 acost)ij+bsinty+ (c+ dcost)y =0, (48)
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Figure 15: Some instability pockets in the (A1, Ag)-plane for the equation (45) with
—a=1-27101-271"1_-2712"and the lines \; = —1/4,—1,-9/4, -2, —25/4

where a,b,c¢ and d are real parameters with |a| < 1. In [5] it is shown that by performing
the following change of variables y = (1 4 acos t)%x ifa#0,and y = 3ty if g = 0, (48)
becomes

1 ab b2 = b - b 9
x+(1+acost)2 5 4—|—c+<d—|—ac 2>cost+<ad—|—4>cos }:1: 0 (49)
Assume a # 0. Equation (49) can be written as (7) if and only if the following equalities are

satisfied

ab b2
AL+ A = 7+Z—C,
~ b
2a\ +aXy = —d—ac+ 5 (50)
U
a’\ = —ad—Z.

The two last equations in (50) give us A\ = —a% <acz+ %) ,and Ay = —c+ g + % + %. Using

these expressions for A; and Ag the first equation in (50) becomes

1 b2 ba
(1) (T+5) =0

We recall that |a| # 1, then the equation above is satisfied if and only if b = 0 or b = —2a.
In the first case we get A\; = —d/a and Ay = dfa —c¢. If b = —2a, A} = —d/a — 1 and
Ay = J/a — ¢+ 1. We note that Ay and Ay are independent on «a if and only if d = ad.

If a = 0, (50) implies b = 0 and the reduction is trivial.
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