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Abstract. The purpose of this paper is to study, for small values of p, the three-dimensional p—g
resonant orbits that are close to periodic second species solutions (SSS) of the restricted three-body
problem. The work is based on an analytic study of the in- and out-maps. These maps are associated
to follow, under the flow of the problem, initial conditions on a sphere of radius u% around the
small primary, and consider the images of those initial points on the same sphere. The out-map is
associated to follow the flow forward in time and the in-map backwards. For both mappings we give
analytical expressions in powers of the mass parameter. Once these expressions are obtained, we
proceed to the study of the matching equations between both, obtaining initial conditions of orbits
that will be ‘periodic’ with an error of the order p,l_“, for some o € (1/3,1/2). Since, as © — 0,
the inner solution and the outer solution will collide with the small primary, these orbits will be close
to SSS.

Key words: restricted three-dimensional three-body problem, close encounters, periodic orbits,
resonance

1. Introduction

Consider the 3D circular restricted three-body problem (RTBP), in which two
primaries (E and M) are moving in circular orbits around their center of masses
and a third body (P), with infinitesimal mass, moves under the gravitational force
field created by the two primaries. According to Szebehely (1967), appropriate
units of mass, length and time can be chosen so that the gravitational constant, the
angular velocity of the primaries and their mutual distance are all equal to 1 and
the masses of E and M are 1 — u and u, respectively. u € [0, 1] is the so-called
mass parameter. From now on, M will be called the small primary and E the big
one.

For the description of the problem, it is usual to consider a synodic reference
system, Oxyz, in which the primaries are fixed on the x-axis: E is located at
re = (1,0,00T and M atry, = (u—1,0,00". If r = (x, y, z)T denotes the
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position of P in this reference frame, the equations of motion for P are (Szebehely,
1967)

P+ Ar = VQ(), (D
where
0 -2 0 | l—n u
A=2 o0 0 |, Qx,y,2) = =(x>+yH + +=, 2
0 0 0 2 r r

and ry, r, denote the distances from P to E and M, respectively:
ri=x—u)?+y + % =@ —p+ D)2+ y+ 22

It is well known that Equations (1) have the first integral (Jacobi’s integral)
M2 =2Q(x, y,2) — C, 3)

where Cj is the Jacobi constant.

The purpose of this paper is to obtain, for small values of u, three-dimensional
p—q resonant orbits close to periodic second species solutions (SSS). The p—¢q
resonant orbits are trajectories of the infinitesimal body P which, approximately,
perform p revolutions around E while M does g revolutions around the center of
masses of the primaries. More precisely, these orbits leave at t = #; a sphere B in
the configuration space, with center at M and radius ©* and return for the first time
to the same sphere at an epoch ¢, such that

t—t =2mq + ep® + O(u*) = 2mtp + 8u® + O(u>®), “4)

where p, g € N are relatively prime, € and § are suitable constants and 2w T is the
period of the elliptic orbit which approaches the motion of P far from M (Font,
2002).

In the present study we will make use of some results obtained in a previous
paper (Barrabés and Gémez, in press), where we studied the set of initial con-
ditions (rj, 1), with r; € B, which correspond to spatial p—¢g resonant orbits.
Some of these results will be summarized in Section 2. The rest of the paper
has two parts: In the first one (Sections 3-5), an analytic study of the so-called
out-map and in-map is done. These two maps correspond to the following: take
initial conditions on the sphere B around M, and consider the return map to B
by the flow associated to (1). The out-map is associated to follow the flow with
t > t and if ¥ < £ we get the in-map. For both mappings we give analytical
expansions in suitable powers of the mass parameter . In the second part of the
study (Section 6) we proceed to the study of the matching equations between both
maps, obtaining initial conditions of orbits that will be ‘periodic’ with an error of
the order u' =, for some « € (1 /3, 1/2). Since, as u — 0, the inner solution and
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Figure 1. Qualitative representation of the outer and inner solutions. They both leave the sphere B at
r;. The final approximated positions on the same sphere for the outer and inner solution are denoted
by re and ry, respectively.

the outer solution will collide with the small primary, these orbits will be close to
SSS.

The study of the outer solution is based on the results obtained in the above-
mentioned reference. There we proved that if the outer solution is approximated
by the solution of the two-body problem, with the same initial conditions (r;, I;),
then the error involved in the approximation is of order O(u'~®). This allows
the derivation of an expression for the position and velocity at the return to B,
(re, Ie), in terms of (rj, ;). This is the so-called out-map which will be given in
Section 3.

In Sections 4 and 5, we will study the behavior of the inner solution, obtaining
the expressions for the position and the velocity at the epoch at which the orbit
leaves B, (rg, 1¢) (Figure 1). Performing the composition of the inner and the outer
solution (Section 6), we will get the conditions under which the inner and outer
solutions match up to a certain order in terms of u®. These will be the initial
conditions of the orbits close to the SSS.

Beyond their theoretical interest, the solutions studied can be used to perform
gravity assist maneuvers. The usual ‘AV-EGA’ process is used to target a space-
craft to a given nominal orbit (around the large primary) at a low cost. The so-called
‘reverse AV-EGA’ process, in which multiple flybyes to a planet are done, can
be used to reduce the Mercury approach energy, each time a spacecraft makes a
near resonant return to Mercury for a gravity assist, reducing the orbit capture AV
requirement (Yen, 1985).

2. Summary of Known Results

In this section, we will give the restrictions on the initial conditions and the Jacobi
constant that must be fulfilled in order to have a p—q resonant orbit.
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Since the initial conditions will be taken on the sphere B at t; = 0, they can be
expressed in spherical coordinates as

w—14 pu% cos ¢ cos 6 cos ¢ cos W
I = u* cos ¢ sin 6 , ri=v | cos¢siny |. &)
u* sin @ sin ¢

There are several conditions to be imposed on them in order to get a p—¢g resonant
orbit. First, it is necessary to guarantee that the orbit leaves B at the initial epoch.
This condition can be written as (ry;, I;) > 0 (where (, ) denotes the scalar product
and rp; = r; — ryy) and is equivalent to

cosa = cos ¢ cos ¢ (0 — )+ sin ¢ sin ¢ > 0,

where a is the angle between ry; and ry,. Moreover, the variables ¢, 6, ¢, ¥ and v;
must be chosen in such a way that the return of P to the sphere B is guaranteed.
Furthermore, the orbit should be a p—q resonant one, so we have a condition for
the time of flight between r; and r. (Equation (4)).

It is convenient to use the subscript ‘0’ to denote the zero-order term of any
development in terms of p*. In this way

¢ = o+ AP p”+ 0™, Y=o+ Ay u* +0u*),
cos a = cos ap + AC u® + O(u**) 6)

with

COS ay = €OS ¢ €oS Py cos (B — ) + sin ¢ sin ¢y,
AC = AgAY + A (sin ¢ cos ¢y — cos ¢ sin ¢g cos (Yo — 0)),
Ao = cos ¢ cos ¢g sin (6 — ).

The above restrictions lead to the following set of equations (see Barrabés and
Gomez, in press, for the details)

(=82 +82B—C))+ 2(¢ —8) cos ¢ sin 6 + 28/3 — Cy cos ag +
+ 2(e — 8)§ /3 — Cy cos ¢ sin Yy = 0, @)

23
Cy—2+2/3 — Cycos ¢ sin ¥y = <£) , 3)
q

2/3
6nq<%> (\/3 — Cy(cos ¢ cos ¢g sin (Yo — 0) + A¢ sin ¢y sin Yy —

— Ay cos ¢ cos o) — 2 cos ¢ cos ) =& — §. 9)
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From Equation (8) it follows that the Jacobi constant must be within the interval
(C11, Cp2), with

» 2/3 » 2/3 » 2/3 » 2/3
a=(5) 2= (5) o e=(5) - (5)
q q q q
(10)

The values Cj; and Cj, have to be excluded: if Cy was equal Cj; or Cy,, then
cos? ¢y sin? Yo = 1 which is not acceptable (see Barrabés and Gémez, in press, for
more details).

The next restriction follows from the fact that the elliptic orbit that approximates
the p—¢g resonant orbit has no collisions

2/3
p
Yo#0 or CJ#(g) - (11)
Finally, we observe that v; = |I;| can be written in terms of ©* using Jacobi’s
integral
2(1 —
w2 g
T o

It is easy to see that x} + y> = 1 — 2u® cos ¢ cos § + O(u*®) and that
r12i =1—2u% cos ¢ cos O + u*®, ry = u®, therefore,

v2=3—Cy+2u"" + 0. (12)

3. Out-map

Given some initial conditions (r;, I;), with r; € B, we will compute the position
and velocity (r., ) at the return time, #,, to the sphere B. To this end, we will use
that the solution of the RTBP can be approximated by a solution of the two-body
problem and that the error of the approximation is of the order O(u!=%).

Let R(¢) be the solution of the RTBP problem in a sidereal reference sys-
tem, OXYZ, with the same origin as the synodic one, and with initial conditions
(R, R) = (R(#)), R(11)), such that [R; — Ry ()| = u?, and by Rrg the solution
of the two-body problem

.. R
R:—F

with the same initial conditions. The following proposition (Barrabés, 2001;
Barrabés and Gémez, in press) holds.



150 ESTHER BARRABES AND GERARD GOMEZ

PROPOSITION 3.1. If there exists ty2, t,, 5 € (11, 10) such that

Ro(t) > " V1 € (tupas 1]),
and cos a > € > 0, then

R(t) =Rpp() +O(u'™),  R() =Ryp(r) +O(1'™) (13)
forallt € [t, t].

Using (4) and (13), we can compute the sidereal position and velocity at f,.
Since u?* = O(u' ™) and (R;, Ri) = (Rrp (1), R (1))
R(2) = Ryp(t +27p7 + 8% +O(u'™)
= Rep(t; + 27p7) + Rep(ty + 27pr) s + O ™)
= R(1) + R() 3u” + O(u'™),
R(f) = Rrg(n + 27pt +5u%) +0(u' ™)

= Rop(1) + Rep(1)8 u® + O(u' ™)

. R
= R(n) — % S +0u'™™).

Since |R| = |r| and using the Jacobi’s integral (3), it can be shown that R; =
1 + O(u*). Therefore, the out-map in sidereal coordinates is

R(r) = R+ Ris u® +0(u!™),

R(n) = Ri— R pu* +0(p'™). (14)
Using the relation between sidereal and synodic coordinates
cost —sint O
R=G@®r, G@#)=| sint cost 0 ,
0 0 1

the above equations can be written in synodic coordinates. For the first equation in
(14) we get

r(n) = GT @) (Gt)r + (G(t)k + G ) + 0(u' ™)

1 (e—8)u* 0
= | —(e—du" 1 0 | ri+8u“f+0@'™).
0 0 1
For the second equation in (14) it follows that
i) = —GT ()G (t)r(t) + GT (1) (G)T + Gt — 8 u* G(t)ry) +
+0u'™)
1 (e+8Hu* 0
= | —(e+&Hu” 1 0 I+ 0.
0 0 1
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Summarizing, the out-map in synodic coordinates is

—s

r, = (1 _ G . )wA)ri 15 o, (152)
5

P = (1 _ (8—;) ,ﬂA)fi, (15b)

where [ is the 3 x 3 identity matrix.

It will be convenient for what follows, to have explicit expressions of the co-
ordinates of the out-map. To this end, we define ¢, 6., ¢., ¥ and v, as the spherical
coordinates of the position and the velocity, so

n—1 COS e COS B, CoS ¢ COS Ve
I, = 0 4+ re | cos ¢, sin 6, |, e = V. | cos ¢ sin Y. |,
0 Sin @, sin ¢,

where ry. is the distance from P to M, that can be computed in terms of u* using
(15a). In fact,

ry, = W — (e — 8)u(ry, Ar) + 28u% (ra;, 1) +

(e = 3)° 2a 2 . 2 202
+ u(Ar;, Ar;) — 5(e — §)u™ (Ar, 1j) + 87 vy

Using (5), (6) and (12), the following identities can be obtained

(Ary, Ary) = 4(1 — 2u* cos ¢ cos 6 + O(u**)),

(ry, Ary) = —2u® cos ¢ sin 0 + O(u' ™),

(ry, 1;) = /3 — Cy (cos ap + u*AC + O(u' ™)),

(Ar, Ij) = —2,/3 — Cy(cos ¢y sin Yo + u*(Ayr cos ¢y cos Yy —
— Ag sin gy sin Yo + Ag)) + Ok ™),

and, from them, it follows that

P2 = pP [ +2u%8 /3 — Ci(AC + (¢ — 8)(AY cos ¢y cos Yo —
— Ag¢sin gy sin Py + Ag)) — 2% (e — 8)* cos @ cos @ + O(u'~)].

Thus, using (6), we get that roe = u® [1 + n*Are + O(u'~*)], where
Are = §4/3 = Cy[Ao(e —8) + Ay (Ao + (¢ — 8) cos ¢g cos Yg) +

+ A¢ (sin @ cos ¢y — sin @y (cos ¢ cos(Py — 0) + (¢ — ) X
X sin Yy))] — (¢ — 8)% cos @ cosf.
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Therefore, from (15a) and the expression for r,, it can be shown (Barrabés,
2001) that
CoS e COSH, = cos¢ cosO + §y/3 — Cy cos ¢y cos g —

— u%[8+/3 — Cy(A¢ sin g cos Yy + A sin g cos ¢p) —
— (e —8)cos g sinf + Ar.(cos ¢ cosb +

+8+y/3 — Cy cos ¢y cos Yp)] + O(un! ™), (16a)

cos @, Sinf, = cos¢ sinf + SM cos ¢ sin g + (¢ — 8) +
+ 1°[8y/3 — C3(AY cos gy cos Yo — Agp sin g sin ) —
— (e —38)cosp cosO — Are(cos¢ sinf + (¢ — ) +
+8+/3 — Cy cos ¢ sinYg)] + O(u!™®), (16b)

sing, = sing + §v/3 — Cysin¢g + u*[8+/3 — CyA¢p cos ¢y —
— Are(sing + 8+/3 — Cysingp)] + O(u! ). (16¢)

As for the velocity it is easy to see that v, = v; + O(u>®) then, if cos ¢ # 0, it
follows from (15b) that

Pe = ¢ +O(u*), (172)

Ve = Yo+ (AY — (e + 8)u® + O(u™). (17b)

4. Inner Solution

As P approaches M, the influence of the big primary can be considered as a
perturbation and inside the sphere B the orbit of P will be, approximately, an
hyperbolic orbit. Since in this situation the orbit approaches one of the singularities
of the system, it is convenient to remove it with a suitable regularization.

Using the regularizing Kustaanheimo—Stiefel variables (Stiefel and Scheifele,
1971) the equations of motion are

v’ =13 - Cpu+0omu).

Keeping only the linear terms of the above equation, and coming back to syn-
odic coordinates, the error involved in the approximation is O(u?®) in position
and O(u®) in velocity. As the error in the approximation of the outer solution
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was of order O(u!'~®), this linear approach will not be enough to match with the
outer solution. Proceeding as in the planar case (Font, 2002), we will introduce, in
addition to the regularization, two more changes of coordinates with which we will
be able to get a suitable approximation of the inner solution.

4.1. CHANGES OF VARIABLES AND REGULARIZATION

In a first step we introduce positions, P = (P, P,, P3)T and momenta, Q =
(Q1, 02, 03)", according to

P=r—ry, Q=i+ 3An, (18)

where A is given by (2). The equations of motion (1) in these coordinates become

P = Q- lAP,
Q = VQ(r) — Af + 1 AF
1—u " 1
= — 3 P—e)— —3P— —AQ + (n — Dey, (19)
ri rs 2

where e; = (1,0,0)", r{ = (P, — 1)> + P} + P{ and r; = |P|%. Furthermore, the
Jacobi’s integral (3) in these new coordinates is

2(1 — )
QF =2(P 02— P01 = (1= =201 =P + =————+
1
2u
= — Ci, 20
+ |P| J (20)
where we have used the following identities:
2(1 — 2
2Q(r) = (1 — p? —2(1 — WP + P} + P} + % ﬁ’
1

(f.1) = (Q. Q) — (Q. AP) + 1 (AP, AP).
In a second step we introduce an orthogonal transformation defined by
P=GOP, Q=G0Q 21)

where G(t) is the orthogonal matrix introduced in the preceding section for
performing the transformation from sidereal to synodic coordinates. Using
2G(1) Gt)T=Aand G(t)A = AG(1), Equations (19) become

P=0Q

leX

I

|
/N
| |
=

+
=

~ 1
; W) P+(1—p) <E - 1) G(t)er, (22)
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where 7 = P>+ 1 —2(P,cost + Pysint) and r, = [P|. The Jacobi’s integral
expression (20) becomes

Q% = (1 —w)?—2(1 — wu)(Pycost + Pysint) +2(P 0, — P,01) +

1 _
it ¢, (23)
r P

+2

The last step is the regularization. Simultaneously, we will perform a change of
scale in order to transform the neighborhood of M of radius n* into a neighborhood
of radius 1. We will use the Kustaanheimo-Stiefel (KS) transformation and, as
usual, we will add a zero fourth component to the vector P. The transformation is
defined by

uy —UuUy —Uus Uy ui
~ U Uy —uq —us3 Uz dr P
o o
P=yu“Lwu=pu , — = [P|.
us Uy uj us us3 ds
Uugs —Uj3 u —Uuy Uy

(24)

Notice that L(u)"L(u) = |u|? and, consequently, |f’| = %|u|?. Therefore, |13| <
if and only if [u| < 1, thus we want to study the solution of the RTBP in KS co-
ordinates inside B* = {u € R*; [u| < 1}. Furthermore, since (1) is autonomous,
we can consider #; = 0 and the relation between |P| and |u| allows to write

0
t = —;ﬂf lu(7)|? dr.

We denote ' = d/ds, so u’ = du/ds and d(L(u))/ds = L(u’). To write the new
equations of motion, we will make use of the following lemma.

LEMMA 4.1 (Stiefel and Scheifele, 1971). Let u,w € R* satisfy the bilinear
relation [(W, W) = uywy — urw3 + uzw, — ugwi = 0. Then

1. L(w)w = L(w)u.
2. (u,u)L(w)w — 2(u,w)L(w)w + (w,w)L(u)u = 0.

In order to use these two identities it is necessary that
[(u(s),u'(s)) = uyuy — uius + usuy, — ugu) =0 (25)

for all u(s), w'(s). In fact, since /(u, w’) is a first integral of the equations of motion,
Equation (25) has to be fulfilled at just one point, for instance at the initial condition
(s =0). _

For the first equality in (22) and (24) we have Q = (2/|u|?) L(u)u’. Deriving
and using Lemma 4.1 we get

2u™
lul*

(1eww - o)
L(wu" — —L(u . (26)

luf?

6:
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As |u] is bounded, we can write that

. 12«
Q = —u*Lu— ,u| C L(wu+3u*(uy cos t +uy sin 1)G(t)e; +
u

+ O(u™),

where u, = u% — u% — u% + uﬁ and uy, = 2(ujus — uzuy). Equating this expression

with the one obtained in (26), it follows that

|u/|2 l—«

o
L =—
(wWu e

Luu” — L(w)u + O(u>*). (27)

uf?
In order to get the equations of motion it will be necessary to introduce the Jacobi
integral. Using (23), the following expression is obtained:
|u/|2 B 3_CJ Ml—a N ,ua
w4 2u? 2

(wey = uwuy) + O(u™), (28)

which, together with (27), gives

3_C uu, —u'u
=T N T e 0w

"

The term of order u“ can be rewritten as

ucu, — i,y o 2(upug + uyuz)l(u, )
y—zxzf(u,u)‘i‘ ) :f(u,u/)’
2[u| [ul
where f(u,w') = —uou| + uuy — usu’y + uzu)y. Finally, the equations of motion
become
u =cu+ p®f(u,u)u+0u*®), (29

where c = (3 — Cy) /4.
For the Jacobi’s integral, using (28), we get

|u/|2 1-a
= C —|— ILL

E op TS ) 06, (30)

The initial conditions, (u;, u;), are chosen in such a way that u; is any solution of the
equation P; = u®L(uj)u; and u] verifies u; = %L(ui)TQi. These initial conditions
ensure that /(u;, u)) = 0, as required.

4.2. APPROXIMATION TO THE INNER SOLUTION

Now, we want to find an approximated solution of Equations (29) inside B*. The
first thing we can do is to linearize. Thus, let §(s) = (u(s),u’ (s))T be the
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solution of

g'=Cy+p F@E)+0u™), t0)=¢ = (3& ) :

i
0 L
CI4 0
We also define §y(s) = (uy(s), u; (s))T as the solution of
¢=Cg 50 =g,
We will use of the following version of Gronwall’s lemma.

LEMMA 4.2. Let g € C' such that g(t) > 0.
1. If

where C = ), 1, the 4 x 4 identity matrix and F({) = ( 0 )

f(u,u)u

t
g(f)<K0t+K1/ g(r)dr fort>0
0
with Ko, K1 > 0, then g(t) < Kot eXV forall t > 0.
2. If
0
g(t)<K0|t|+K1/ g(r)dr fort<0
t
with Ko, K1 > 0, then g(t) < Kolt|eX1"! for all t <0.

Proof. For & > 0 and t >0, consider the function h.(t) = (Ko + &)t ek,
Clearly, it verifies the following properties:

(1) h:(0) =0 =g(0).
(i) h.(t) = (Ko + &) eX1'(1 + K1), h.(0) = K¢ + &.
t K, [l g(r)dr
(i) g'(0) = limz_>o$ < Ko+ lim,eolf()%
In this way, g’(0) < h.(0), so for small values of 7, g'(#) < h.(t) and also g(t) <
h.(t). We want to see that this inequality holds true for ¢ > 0. Assume that there
exists 7y such that g(#)) = h.(ty). Then

= K() + Klg(O) = K().

1o 0]
g(ty) = Koto + Kl/ g(r)dr < Kot +K1/ he(r)dr
0 0

0]

= Kot0+K1(Ko+8)f rekiTde
0

K0+8

1

= h.(t) + Kot +

= Koty + (Kity eKito _ eKito +1)

Ko 2 ) _ ek,

1
From the Taylor expansion, it follows that eX10 > 1 4 K #,, and we get
K 0o+ &

1

g(to) < he(to) + Koto + (I —=1—Kit9) = he(to) — ety < h(to),
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which contradicts the initial hypothesis. So we have
g(t) < ho(t) = (Ko + &)t ek vt >0,

and letting ¢ — 0 we get the desired result. To get the second assertion we have to
apply this result to the function (—t) = g(¢) for ¢ <O0. O

With the preceding notations and above lemma we can establish the following
theorem.

THEOREM 4.3. For all s such that \u(s)| < 1, §(s) and gy (s) verify

[5(s) —8o(s)| < Is| K p* e,
where ¢ = max(1, ¢).

Proof. Writing §(s) and §,(s) as
0
8(s) =¢ + / (Ct() 4+ p*F (1)) + O(1*)) dr,
0

o) =5+ [ Conar,

and subtracting both expressions, we have that
0 0
[8(s) —8o(s)| < / |ICE&(T) —Go(r))ldr +M“/ [F@(r)ldT +

+ Kols|u*

0 0
< Ef IC(T)—Co(T)IdTJrM“f |F(0))|d + Kols|u™,

where ¢ = ||C|| = max(1, (3 — C,)/4). The term of order n* is bounded by
IF®I< uPlu| <Ky,

since the motion takes place inside B* and this implies (thanks to the Jacobi integral
(30)) that u’ is also bounded. Therefore

0
[6(s) —Zo() < Is|Kp® +5f [8(z) =& (o)l d,

and, using Lemma 4.2, the theorem is proved. O



158 ESTHER BARRABES AND GERARD GOMEZ

This results states that if we remain inside B* for a bounded time, then

g(s) =go(s) +O(u").

In order to know the magnitude of the error in synodic coordinates, it is necessary
to undo the changes of coordinates. Starting from the equalities

u(s) =up(s) +0(u®),  W'(s) = uy(s) +0(u*), (31)
and assuming that |uy| cannot be arbitrarily small, it is easy to see that
ry(f) = rao(t) + n*O(u®), £(t) = o) + O(u®),

where (ry, I'p) are the vectors obtained from (up, ug). As it has already been said,
we want to match the inner solution with the outer solution, which can be ap-
proximated by an elliptic orbit with an error of order u!'~*. Therefore, the error
obtained in the approximation of the inner solution is not enough to match with
the approximation of the outer solution. It will be necessary to keep more terms
in Equation (29). The problem is that the term of order u* in these equations,
f(u, w)u, is not linear. For the purpose of writing the equations of motion in a
way such that the nonlinear terms would be of order u2*, we will use the first
approximation ug. The essential fact is the following lemma.

LEMMA 4.4. Let f(u, ') = —uou'y + uyu’, — usu’y + uzu}y and (g, wy) be the
solution of

' =cu, u@0) =u, u(0)=u.
Then f(ao(s), uo(s)) = f(u;, w) Vs.
Proof.  To proof the lemma we must just use

sinh (\/cs) ,
Je
u(s) = +/c sinh (v/cs)u; + cosh (v/es)ul,

to compute f(ug(s), up(s)). O

uy(s) = cosh (\/cs)u; +

In order to use this lemma, assume that the time spent by the third body inside
B* is bounded, so we can use the equalities (31). Then

fu(s),w'(s)) = fuls), uy(s)) +O(u*) = f(w;, w) + O(u"),
and, moving back to Equations (29), we can write

u’ = cu+ 1 f (u, w)u + O(*) = cu+ u® f (u;, up)u + O(*)
= (c + p* f (w;, u))u + O(u™).
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Consequently, we can state that u(s) is a solution of
v =cu+0u*), u@) =u, u'(0) =u,

where ¢, = (3 — Cy)/4 + n* f (u;, u)). As before, we denote by uy(s) the solution
of

u =cu, u0)=u, v =u,

and g, (s) = (uy(s), u;(s))T. Now, using the same arguments as in Theorem 4.3,
the following result can be proved.

THEOREM 4.5. Letg(s) andt,(s) be defined as before, and suppose that the time
spent by the third body inside B* is bounded. Then

15(s) — ()] < Is| K 2 e

for all s such that \u(s)| < 1 and ¢, = max(cy, 1).

In this theorem, we have assumed that the time spent by the third body inside
B* is bounded. If this was not the case, then the error of the first approximation
should not be of order O(u®*) and the equations of motion could not be written as
u” = c,u + O(u?®). In what follows we will find which conditions are required in
order to satisfy this condition.

If the time spent in B* by the third body is bounded, then the time spent
by the hyperbolic approximation, u,, will also be bounded. We know that this
approximation can be written in terms of the initial condition as

uy(s) = cosh (Ve s)u; + %u{,

u;(s) = /cq sinh (y/cy ) u; + cosh ({/cq 5) 0. (32)

The first equality allows the computation of a solution, s¢, of the equation |u,(s)| =
1, in terms of (uw;, u;). Denoting by n; the angle between the vectors u; and u; and
using the following notation:

2
- Vi cos n;
‘/izlll“, ma:1+—l , nazzil i

Cu N/

it can be shown that

1 1 My — Ny (33)
= n .
5t 2./Cq My + ngy
Recall that sy < 0, thus, necessarily, (my, — ny)/(my + n,) < 1. For this it will
be enough that n, > 0. In order to check this condition we will compute (u;, u;).
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Recall that, by the definitions of 7;, V; and as |u;| = 1, we have that (u;, u)) =
Vi cos n;. On the other hand, using the changes of coordinates, it can be seen that

1 1 ~ ~
(ui’ ll;) = <ll1, L(ul)TQ1> = §<L(u1)u1’ Ql) = ( i Ql)
1 1 )
= — (P, Q) = Iy, I + A3l‘21 = ——(ry;, Ij)
2u” 2ue
= —; CoSs a,
2
or, equivalently, V; cos n; = %vi cos a. As one of the restrictions on the initial

conditions is cos a > 0, we obtain that n, > 0.
To ensure that s is bounded, we write (33) in terms of ©®. The next expressions
will be useful:

— from the definition of c,:
1 1 f (u;, )
NN 2

— from the Jacobi’s integral:

l—a
V= f(1+f(“““) “+M—+O(“m))’

ne + O(/ﬁ")),

2 4c

— from the relation between cos n; and cos a:
u;, u
COS 1 = €OS a(l — % n* + O(uzo‘)).
c

Thus, we obtain

lli,u./
me +ng = 2(1+ COSa)—ZCOSaMMa_i_
c
Ml—a
+ 2(1 + cos a) + O,
My —ng = 2(1 — cos a)+2cosawlﬂ+
c
Ml—a
+2(1 — cos a) +0(u).

Since the expression 1 + cos a is bounded (1 < 1 + cos a < 2), the only problems
can appear in the numerator of (33), because 1 — cos a could take values close to
zero. To ensure that s; is bounded, it will be necessary to require that

l—cosaze >0

for some positive € independent of p. With this hypothesis, we can conclude that

1 1— cosa
= 1 o(u®). 34
i NI n(l+cosa>+ ") (34)
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Moreover, when the error involved in the approximation using KS coordinates
was computed in synodic coordinates, it was required that the distance to the origin
had not to be too small. If we only worry about the approximation at time s¢, then
this hypothesis is not necessary. However, if we want to ensure that

r(r) = r,(1) + 0™, r'(1) = r,(1) + O(1*)

for all the time P is inside B, the distance |u,(s)| cannot be close to zero. The
minimum distance to the origin can be written as

un(sn)? = 1= 3 (ma — /mZ —n2).
Again, if 1 — cos a > €’ > 0, then this minimum distance will not be near zero.
Consequently, from now on, we assume that |a| > € > 0 for some € independent
of . With this hypothesis, we are avoiding the case in which the third body leaves
the sphere B in the direction of the radius vector. Observe that if we choose this
direction, when we move back in time we go towards the center of the sphere.

5. In-map

We want to describe the position and the velocity vectors after passing through
B (going back in time) in terms of the initial conditions (rj, I;). For this, we are
going to use the hyperbolic approximation already introduced. We define the in-
map as

(I’f) _ (l‘h(lf) )
I r(t) )’

where (rp, I'y) are the synodic coordinates associated to the approximation (uy, uy)
and t; is defined by

0
te = —p” / lu(s)|* ds.

f

In order to write (ry, Iy) in terms of (rj, I;), we have to compute (uy(s), uy (sr)) and
undo the change of variables introduced in the previous section. Using (32) and
(33), we obtain

1 V2 Vi i
Urs = llh(Sf) = —<(1 + —1> u — 2ﬂ ll;),

A, Cy Co
1 V2
u=u(sp) = —| —2Vicos pjuy+ (1 + - |u (35)
f h\Wf A i ni uj - il
where

AL rz_nz_\/<1+V_f)2_4m
“ * « Ca CC{ ’
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_ Let us start with the third change of variables defined in (24) and denote by
(Pr, Q) the vectors associated to (uy, ug). Since |ug] = 1, these vectors can be
written as

Q; = 2L (up)ul.

Using (35), the fact that L(-) is linear and Lemma 4.1, the following expressions
can be derived:

u . 1 u
P; = A_g(TlL(ui)ui + L L(w)w) = A_g(TlPi + 7T2Qi),

2 .
Qr = F(T3L(ui)ui + T L(u)u)) = p(zﬂ P + T1Q)),

o o

where the coefficients 7;,i = 1, 2, 3, are defined by

T, = (1+—'

Ca 2
Vi cos n; (2V2 cos? i, V2
T, = 4 0 < I —1>,
Co Ca Ca
V4
T; = —2V; cos n; (1 — —12>
CO{

Now, let us undo the rotation introduced in (21). We denote
Pi=G)'P.  Qr=GQs

It will be necessary to determine the matrix G(#). As # depends explicitly on
u(s) (the solution of the RTBP, which is unknown) we will have to use the ap-
proximation uy(s) and (34) to give an estimation of the final time #. After some
computations, one gets

« €08 a

If=—pu Je

Therefore, we can write

+ O(u™).

COS a ~
P = (1 YA P + O,
f <+2ﬁu>f+ (™)

Q = <1 + C;f/g’ M“A)6f+ 0(u?). (36)
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Now we must expand the coefficients 7; of IN’f and 6f, in powers of u“. Inserting
these expansions in (36) (Barrabés, 2001, for the details) one gets

cos a cot?a
P = (1 A — = \p;
! < * NI . 2c ! ) +
Leosa f(lli,ll{)l €S d )\ et
Je . c 2./c .
cot?a N
el I)Qi+0(u3 ),
c
11—« 2
cosa [ _ Ccos a cot“a |_
= )Py + 1+ YA — T)Q +
Qf (Sinza \/E )(IU/ 1) ( Zﬁ lu/ 2C /’L )Ql

+0(u™).

At this point, only one change of coordinates remains to deal with. Using (18)
and the fact that |ry;| = u®, finally we arrive to the expressions

cot’a l—«
rp = (1- 2 I+

2c
cos a f(u, ) cot?a ..
+ o _ 1 + 1 o + o rl _
Jc H < c P ac M
2
cos’a . N
— —— AR+ 0(u™), 37
2¢
cosa pu'™

Iy = (m 7)(11_ ry) +

(146 ey cot’a e p & + 0%
- T )
Jc H 2 M H

and it can be shown that

1—a
a o Ik o
rar = |1 — 1| = p® (1 + O(u™)), vp = 2«/E<1 + i +0(u? ))-

Let us conclude this section specifying each coordinate of the in-map. We
define, as for the out-map, the spherical coordinates ¢, 6, ¢r, Yy and vy:

u—1 cos @f coS b cos ¢r cos Yy
Iy = 0 4+ ro¢ | cos ¢f sin 6 |, Ir = vr | cos ¢ sin Y
0 sin @¢ sin ¢

From (37) we can establish the relations between the angles at the arrival point and
the spherical coordinates of the initial conditions given in (5). For the positions,
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these relations are given by the following equalities:

COS @r COS B = cos ¢ cos 8 — 2 cos ay cos Py cos Yo + 2u” X
X [cos aog (AYr cos ¢g sin Yy + A¢ sin ¢ x

X cos Yg) — AC cos ¢y cos Vg +
oS do

Ve
+ O(u'™),
cos @ sin By = cos ¢ sin @ — 2 cos ag cos ¢ sin Yy — 2u” X

cos @y (cos ag sin g — Ay cos wo)] +

X [cos aog (A cos ¢y cos Yo — A¢ sin ¢g sin Yg) +
cos ag

/e

X (cos ag cos Yo+ Ag sin wo):| +0(u'™),

4+ AC cos ¢g sin Yy +

cos ¢g X

sin @f = sin ¢ — 2 cos ag sin ¢y — 2u* |:A¢> cOos agp cos Py +

coS ay
Je
where Ay and AC are defined in (6). For the velocities, the relations obtained are

v o= v +0(u™),  ¢r=¢+0W),

ww=w+(Aw+ff§jw+ow%. (39)

+ AC sin ¢y +

mmm@J+ow“ﬂ, (38)

6. Matching Maps

The aim of this section is to get initial conditions of spatial p—q resonant orbits
close to periodic orbits. For this goal we will use the in- and the out-maps, which
give the return positions and velocities to the sphere B after passing inside and
outside B, respectively (Figure 1). To get periodic orbits it would be necessary that
both maps were equal. As we have their explicit expressions up to order u!=%, we
will only match the terms of order zero and order u* of both maps.

We will find restrictions on the variables 8, ¢, ¥, ¢9, AV, A¢ and the Jacobi’s
constant Cy in order to fulfill the matching equations. To ensure the orbit is p—q
resonant, the condition (7) will be added and we will also discard those initial that
do not verify 0 < cos gy < 1.

Thus, let us take the expressions (16a)—(16c¢) and (17a) for the out-map and (38)
and (39) for the in-map (notice that it is sufficient to lead with these expressions
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because the final distances from P to M, ry. and r¢, and the modulus of the final
velocities, v, and vy, are equal up to order 12*). First, we will match the zero-order
terms from the final positions. We get, denoting by C = §/3 — C;

cos ¢ cos 0 + C cos ¢y cos Yy = cos ¢ cos & — 2 cos ag cos ¢y cos Yy,
cos ¢ sin 8 + C cos ¢g sin Yo+ & — 6 = cos ¢ sin 8 — 2 cos ag X

X COS ¢y sin Y,
sin ¢ + C sin ¢y = sin ¢ — 2 cos ag sin ¢y.

From them we infer that ¢ — § = 0 and

cos ay

7

8:8:

(40)

Observe that € and § verify the p—q resonant condition (7). On another hand,
using ¢ — 6 = 0 in (9) we get the equation

cos ¢ cos 6

— €0s @y cos Yoy Ay + sin ¢y sin g A¢p = N
c

+ Ao, 41)

where Ay = cos ¢ cos ¢ sin (6 — ).
From (39) and (17a) we see that the zero-order terms are equal and the terms of
order u* match if

cos dy

7

e+6=-2

which is true according to (40). So, the expressions of the velocities do not bring
any new information.

Let us take the terms of order u* of the coordinates of the final positions (16a)—
(16¢) and (38). We denote by O, O, and O3 the coefficients of the terms of order
© in the developments of the out-map and I,, I, and I3 the coefficients of the
in-map. Then, using the values found for ¢ and & we get

01 = 2 cos ag(AY (sin Yy cos ¢y + Ag(cos ¢ cos 8 — 2 cos ag x
X €OS ¢y €OS Yp)) + A (sin ¢ cos Yy + (sin ¢ cos ¢y —
— €os @ sin ¢g cos (Yg — 6))(cos ¢ cos 0 —

—2 ¢os ag cos ¢g cos Yp))),
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0, = —2 cos ayg(Ay (cos Yy cos ¢pg — Ag(cos ¢ sin § —
— 2 ¢os ag cos ¢g sin Yp)) — Ag(sin ¢g sin Yy +
+ (sin ¢ cos ¢g — cos @ sin Py cos (Yo — 0)) X
X (cos ¢ sin 8 — 2 cos agy cos ¢g sin Yr))),
O3 = —2cos ayg(Ag¢ (cos ¢y — (sin ¢ cos ¢g — cos @ sin ¢y X
X ¢os (Yo — 0))(sin ¢ — 2 cos ay sin ¢y) —
— A Aop(sin ¢ — 2 cos ag sin ¢y)).
I = 2Av (cos ag cos ¢ sin Yo — Ag cos ¢ cos Vo) +
4+ 2A¢ (cos ag sin ¢g cos Yy — cos ¢g cos Yo(sin ¢ cos ¢y —
— ¢os ¢ sin ¢ cos(g — 6))) + ¢~ 122 cos aqg cos ¢o X
X (cos ag sin Yy — Ag cos ¥y),
I, = —2A Y (cos ag cos ¢y cos Yo+ Ag cos ¢y sin Yg) +
4+ 2A¢ (cos ag sin ¢ sin Yy — cos ¢y sin Yo(sin ¢ cos ¢y —
— €o0s ¢ sin ¢y cos (Yy — 0))) — =122 cos aq cos Po X
X (cos ag cos Yy + Ag sin ),
I; = —2A¢ (cos ay cos ¢y + sin ¢p(sin ¢ cos ¢y — cos ¢ sin ¢y cos x
X (Yo — 0))) — 2A% Ag sin ¢y — ¢~ /%2 cos ay A sin ¢y.

Finally, we have to require that O; = [; fori = 1,2, 3. We get the system of
linear equations in the variables Ay, A¢,

(Ao GAY + (FGAP =y, (Ao G2)AY + (F G2)Ad = (,
(Ao G3)AY + (FG3)A¢g =Cs, (42)

where Ay is defined in (6), F = sin ¢ cos ¢y — cos ¢ sin ¢y cos (Yo — 0) and

G| = cos ap(cos ¢ cos 8 — 2 cos ay cos ¢y cos Yy) + cos Py cos Yy,
G, = cos ap(cos ¢ sin 8 — 2 cos ag cos Py sin Yy) + cos ¢y sin Yy,
G3 = cos ap(sin ¢ — 2¢os ag sin ¢y) + sin ¢y,

C, = ¢ Y2 cos gy cos Po(cos ag sin Yy — Ag cos Yy),
C, = —c % cos ag cos ¢o(cos ag cos Yy + Ag sin ),
Cy = —c % cos ag Ay sin ¢y. (43)

In conclusion, in order to match the in-map and the out-map (up to terms of
order u®) it is necessary that there exists ¢, 6, ¢, Yo, ¢o, Ay, A¢ verifying (41)
and (42). Next, we will study the values of c, 6, ¢, ¥y and ¢y which ensure that
there is solution for the four equations.
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First of all, let us consider the compatibility of (42). We observe that the matrix
of the system

Ao G, F Gy
M=\ AG, FG,
Ao G; F Gj

can only have rang 0 or 1 and that G, G, and G3 cannot be simultaneously zero
because G2+ G3+ G5 = 1 — cos? ag and cos ay # £1. Thus, M will be of rang 0
if and only if F = Ay = 0. This situation can only happen in one of the following
situations:

1. ¢ = £m/2 and ¢ = 7 /2.
2. ¢ ==xm/2and Yy — 0 = 7/2 4 km fork € Z.
3.0 — Yo =kn fork € Z and ¢ = (—1)~¢y.

The first and the third do not fulfill the condition cos ay # =£1. The second case
implies that C; = C, = C3 = 0, so the system disappears.

If Ao #0or F # 0, M has rang 1. Then, system (42) will be compatible if the
determinants

G, C;

AU:‘G] C] ) 1<,

are all different from zero. The explicit expressions for them are

Ay = A(cos ¢ (cos ag cos (0 — ) — Ag sin (60 — ) +
+ cos ¢p(1 —2 cos? ap)),
Az = A(cos ¢ sin (60 — Yry) (sin ¢y cos ¢ sin § — sin ¢ sin Yy cos ¢g) +
+ cos Yy(2 sin ¢y cos?
A3 = A(cos ¢ sin (0 — ) (sin ¢y cos ¢ cos § — sin ¢ X

ap — sin @ cos ap — sin ¢y)),

X €OS Yy cos ¢p) — sin Yo(2 sin ¢y cos? ag —

— sin @ cos ay — sin ¢y)),

where

cos? ag cos ¢y

e

and where we know that cos? ay # 0. Let us study them in the case of the planar
and spatial RTBP separately. In the planar case ¢ = ¢y = 0 and, substituting in the
expressions above, we get that A;; = 0 for all 7, j. Thus, in the planar restricted
problem the system (42) has solution with one degree of freedom.

In the spatial case (when ¢ or ¢y do not vanish), the unique solution of A;; =0
for all i, j which is acceptable (0 < cosag < 1) is ¢g = £ /2. Then, we have the
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following cases:

1. If g9 = £7/2 and 60 — Yy # /2 + km for k € Z, the system (42) has solution
with one degree of freedom.

2. If 9 = £m/2 and 6 — Yy = /2 + kx for k € Z, the system (42) reduces to
the system 0 = 0.

The final step is to find which solutions of (42) verifies the equation (41). We
will continue this study separately for the planar and spatial case.

6.1. PLANAR CASE

In this section, we will take ¢ = 0 and ¢y = 0. In this case, we have seen that the
outer and the inner maps match up to terms of order «*, which is equivalent to say
that the system (42) has solution. In fact, this system reduces to one equation (the
system has rang 1) and we have to add Equation (41). After substituting the values
¢ = 0 and ¢y = 0 in both equations we get

—1
sin?(0 — Yo) Ay = 7 cos(f — o),

% 1 5in(@ — ¥ (44)
—— +sin(f — .

Je ’
(Observe that A¢ has disappeared. We are dealing with plane orbits.) In order to
ensure that the system (44) has solution we have to add the condition

—cos Yy AY =

E@®, ¢y = %(cos@ sin?(6 — o) — cos Yo cos( — wo)> +

+sin® (0 — ) = 0. (45)
We observe the following properties:

1. E@ + 7, ¥y) = —E(0, ¥y), thus if (0, ¥g) is a solution of (45), (0 + =, ¥p)
too.

2. If Cy = —1 (or ¢ = 1), then ¥y = /2 are solutions of (45).

3. The values
(@) (6,0), withtan* 0 = 1/./c,

2 1
(b) (O’ wO)’ Sin3 Wo - % sin2 wo + % =0
are also solution of E (6, ¥) = 0.

These properties allow us to find, numerically, the solutions of (45), which can be
seen in Figure 2.

At this point, it is necessary to remember that vy and 6 are subjected to the
restrictions (11) and (8) which, in the present case, are written as

2=+l 213
sin yp = 2kﬁ¥), a#@) (46)
— U
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Figure 2. Curves E(69,Yy) = 0. The figures on the top are for the values of Jacobi’s constant
Cy = —2 for the figure in the left side and C; = —1 for the figure in the right. The figures on
the bottom are for Cy = 1 for the figure in the left and Cy = 2 for the figure in the right.

for Cy € (Cy, Cyp) (see (10)). Therefore, depending on p and g we get the follow-
ing cases:

— If p/q = 1, then sinyg = /3 — Cy/2 = /c. Thus ¥y € [0, ] \ {7/2} (if
Yo = m/2, from (8) it follows that C; = Cy;, for i = 1 or 2, which is not
acceptable), and there is only one value for C; for every .

— If p/q < 1, then fixed g € [0, 27] \ {7 /2, 37 /2}, there is one value for Cj
given by /3 — Cy = 2./¢ = sin Yo 4+ +/sin” ¥y + 1 — (p/q)*/3.

— If p/q > 1, it will be necessary that sin o > /(p/q)*? — 1 and there are two
values for Cy: 2,/c = sin g + Vsin? g+ 1 — (p/q)*3.

Any value of Cy and v verifying (46) is called an admissible value. Then, fixing
an admissible value for Cy and vy, it is necessary to see if there exists any value
for 6 verifying (45). First of all, it can be proved that there exists two values. This
follows from the fact that we can write

E@, yp) = ir(3 cos(0 — o1) + cos(360 — 02)),
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where r = (3 —2c — (p/q)*?)/2c and o1, 0, depend on v and c. For a fixed v,
the number of solutions of E (8, ¥y) = 0 is the same as the number of solutions of
the equation 3 cos x + cos(3x + s) = 0, which has two solutions.

Concluding, we get that

— If p/q = 1, sinyg = 4/c and, for a fixed Cj, the solutions of (45) are 6 =
Yo & /2. But for these values, cosay = cos(f — ) = 0 so they are not
admissible.

— If p/q # 1, then 6 = 1y & /2 are not solutions of (45). Using the first
property of the function E (6, ), we get two solutions 8; and 6, such that
6, — 6, = m. This implies that cos(6; — ) cos(6, — ) < 0. Therefore we
only get one admissible value for 6 (which verifies cos ay = cos(6 — ) > 0).

Thus we have seen that for p # ¢, there is a family of values for Cy, ¥ and
6 that guarantee the orbit is p—q resonant and the inner and outer maps match
up to order u®. However, we cannot say the same for p = ¢ = 1. This can be
explained as follows: the generating orbits (for . = 0) associated to p—q resonant
orbits are bifurcation orbits of 1st species—2nd species (Hénon, 1997). When p =
g = 1, a generating orbit of 1st species can only be an ellipse intersecting the
unit circle twice (type 1) or a retrograde circle of radius 1 and period 27 (type 3).
Hénon (1997, p. 102) proves that there cannot exist orbits of type 1 of 1st species—
2nd species. If the generating orbit was of type 3 then the third body P and the
secondary M would have a previous encounter at a half period, which cannot be
possible because we have supposed that |r(t) —r,, (t)| > u* fort € (11, 12).

In Figure 3 several plane p—¢g resonant orbits with initial conditions are repre-
sented such that the outer and inner maps match.

6.2. SPATIAL CASE

As we have seen, for spatial orbits, the system (42) has solution only for ¢y =
o /2 with o = %1. For these values, we have to study which solutions of (42) are
also a solution of (41). There are two possibilities:

— Yo — 60 = /2 + km for k € 7Z. Then, the system (42) reduces to the system

0 = 0 and the solution of (41) are
cos ¢

AG — ov(—l)"7 if cos® #0,
indefinite if cosf =0,

and Ay can take any value.
— Yo —60 # /2 + km for k € Z. Then, the system (42) reduces to one equation:
FG;,Ap =0.
As G; cannot vanish simultaneously for all 7, the solution of (42) will be A¢ =
0. Moreover, as ¢9 = o /2 Equation (41) will be

) cos ¢ cos 6
osinyygA¢p = ———.

Je



-1

3t

s

3k

3k

THREE-DIMENSIONAL p—g RESONANT ORBITS

171

T

T

=3

T

T

-1

-3

-3

-3

-2

-1

0

1

L
2

3

-3

-2

-1

0

1

2

3

Figure 3. Examples of plane p—q resonant orbits close to periodic SSS. The figures on the top are
orbits 1-2 resonant for C; = —0.850431 and Cy; = 1.059752 (the orbits on the left and on
the right, respectively). The figures on the middle are 2—1 resonant orbits for C; = 0.303724 and
Cy = 0.565699. The figures on the bottom are 2-3 resonant orbits (left) and 3-2 resonant orbits
(right).
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Figure 4. Examples of spatial p—g resonant orbits close to periodic SSS. For all cases we have taken
0 = /2 and A¢ = 0. The figures on the top are 1-2 resonant orbits. The figures on the middle are
1-3 resonant orbits. The figures on the bottom are 1-5 resonant (left) and 35 resonant orbits (right).
For the figures on the left we have taken ¢y = 7 /2 and for the figures on the right ¢g = —m /2.
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As A¢p = 0, we get cos ¢ cosf = 0. But cos ¢ # 0 (if not, cosay = 1), so
cos® = 0 and, then, 6 = /2 + mm form € Z.

Again we have to remember that these solutions have to verify the restrictions
(11) and (8). The first one is obviously true and the first one reduces to

» 2/3
cj=z+(_) |
q

This will imply that p must be less than g.

Finally, in Figure 4 several spatial p—q resonant orbits with initial conditions
A¢ = 0 and 8 = 7 /2 are represented. This implies that the initial conditions are
(up to order u*)

x=u—1, y = u¥cos @, z = u*sing,
x =0, y =0, Z = v sin¢y.

The arc of orbit represented is obtained by integrating the equations of motion from
t=0tot =2mwqg + eu”.

7. Conclusions

In this paper, we have proved the existence of solutions of the spatial RTBP close
to SSS. The study is done analyzing the conditions under which the inner and outer
solutions, both on a sphere of radius p* around the small primary, match up to a
certain order in terms of . The matching is analyzed carefully in the planar and
the spatial case.
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