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Abstract. The purpose of this paper is to extend the study of the so called p-g resonant orbits of the
planar restricted three-body problem to the spatial case. The p-g resonant orbits are solutions of the
restricted three-body problem which have consecutive close encounters with the smaller primary. If
E, M and P denote the larger primary, the smaller one and the infinitesimal body, respectively, then
p and g are the number of revolutions that P gives around M and M around E, respectively, between
two consecutive close approaches. For fixed values of p and ¢ and suitable initial conditions on a
sphere of radius £ around the smaller primary, we will derive expressions for the final position and
velocity on this sphere for the orbits under consideration.
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1. Introduction

As it is well known, the spatial circular restricted three-body problem (RTBP) de-
scribes the motion in the three-dimensional space of a massless particle, P, under
the attraction of two bodies, E and M, called primaries, which move in circular
orbits around their center of mass. The motion of P does not affect the primaries.
Using suitable units, the primaries can be assumed to have masses 1 — u and p with
© € [0, 1] and to complete one inertial revolution in 277 time units. The variable wu,
which is the mass of the smaller primary M, is called the mass parameter. If the
distance between the two primaries is set equal to one, the gravitational constant
equals one too.

In this study, we will consider two reference systems: the sidereal and the
synodic. The sidereal system, OXY Z, is an inertial reference frame with origin
at the center of masses. We will assume that the primaries £ and M are moving
in circular orbits on the Z =0 plane, of radii u and 1 — u, respectively. In this
reference system, Newton’s equations of motion for P are

R-R, R-R,
-
R} R

R=—(1-p : (D)

where R = (X, Y, Z)T denotes the position vector of P and R;, R, are the dis-
tances from P to E and M, respectively. The synodic system, Oxyz, is a rotating

\d Celestial Mechanics and Dynamical Astronomy 84: 387-407, 2002.
"w © 2002 Kluwer Academic Publishers. Printed in the Netherlands.



388 ESTHER BARRABES AND GERARD GOMEZ

frame, also with the origin at the center of masses, in which the primaries are fixed
on the x axis: E is located atr, = (1,0,0)” and M isatr, = (u — 1,0,0)7.If
r = (x, v, z)T represents the position of P in the synodic system, the change from
one system to the other is given by, R = G(#)r, where G(¢) is a planar rotation of
angle ¢ and the equations of motion are (see, for instance, Szebehely, 1967)

P+ A = VQ(I), (2)
where
0-20 | |
A;=12 00|, Qx,y,2) = =(x2+y?) + M—I—E,
2 r r
0O 00

and ry, r, denote the distances from P to both primaries: ”12 =x—w?+y*+2%
r? = (x —pu+ 1)* +y? 4+ z2. It is well known that the Equation (2) has the Jacobi’s
first integral

It> =2Q(x,y,2) — Cy, 3)

where C; is the so called Jacobi constant.

The aim of the present paper is to study the spatial p-g resonant orbits. We
will always assume that © << 1 — p so, far from M, the motion will be close to
the one of a two-body problem. A p-g resonant orbit is such that, between two
consecutive close approaches of P to the smaller primary M, P does approximately
p revolutions around E while M makes g revolutions around the origin. More
precisely:

DEFINITION 1.1. Let R(¢) be the solution of (1) with initial conditions R(#;) =
R;, R(1)) = R; and R, (1) the solution of R = —R/ R? with the same initial
conditions. Denoting by B(M, %) the sphere of center M and radius u%, 0 < o0 <
1, we will assume that R; is on B(M, u*) and that for a certain , > t#;, R(%,)
belongs to B(M, u*) too, butif t € (#, t,) then |R(¢) — R,,(¢)| > p“. Under these
conditions, we say that the orbit is p-¢g resonant if

th— 1 =27q + ep® + O(U™) = 27 pt + Sp® + O (), 4)

where p, g € N are relatively prime and 27 7 is the period of R ,.

As a remark, the values of « will be specified later.

This kind of solutions have been considered by Yen (1985) in the framework
of the analysis of a Mercury mission. Yen uses near resonant returns to Mercury,
with several values for p-q, in order to reduce the orbit capture Av requirements.
Since the Mercury year lasts 90 days, the penalty in the flight time is 270 days for
the 2-3 case, but a substantial reduction of the v,, at Mercury is achieved: from
5.7 to 4.7 km/s.
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In the line of the present paper, the planar p-g resonant orbits have been stud-
ied by Font, Nunes and Simé in Font (2001). In this paper the authors give the
restrictions on the initial conditions necessary to ensure that an orbit is a p-g
resonant one. Our purpose is to give an extension of this result to the spatial case
and derive approximated expressions (up to terms of order ©®) of the final position
and velocity at #, (return map).

In this paper, we will first study the behaviour of the solutions of (1) for ¢ €
[t1, t2]. This is the so called outer solution. As in the outer solution P is far from
M, the influence of this primary can be considered as a perturbation. In Section 2,
we will give a bound of the error involved when the outer solution is approximated
by a solution of the two-body problem. The main result of this section is Theorem
2.3, which states that outside a neighbourhood around the small primary of radius
u® this error can be bounded by O (u!~%).

Section 3 will be devoted to the study of the restrictions on the initial conditions
that ensure that an orbit is p-g resonant. For fixed values of p and ¢, these restric-
tions are for the value of the Jacobi constant and the spherical coordinates of both
the initial position (on a sphere of radius u* around M) and the initial velocity. The
result is stated precisely in Theorem 3.1.

In Section 4, the explicit expression for the outer map of the p-g resonant orbits
will be given.

In what follows we introduce some of the notations and conventions used
through the paper. From now on, the subscript i will be used to denote initial
conditions (in both systems of coordinates) and when a position vector has the
subscript 1 (resp. 2), it means that it is measured with respect to the large primary
E (resp. small primary M), thatis,r; =r—r,, 1, =r—r,,.

When we take initial conditions for P on B(M, u*), we will always assume
that P leaves the sphere B moving away from M. In synodic coordinates these
conditions can be written as, r; = |r; —r,,| = u* and that ry; and r; form an angle
a € (—m /2, m/2) or, equivalently, that

Iy, I
cosa = E i o (5)
v ¥
where v; = |I;| and (, ) denotes the scalar product.

Using the Jacobi integral, we can compute the norm of the initial velocity v; =
|t;| in terms of C; and w. If r; = (x;, y;, 2;), taking into account that rnt)?=1-
206 — 41D+ p®, r(n) = p* and x7F + y? = 1-2(1 — ) (x; — e+ 1) + O (1),
it follows that

VP =3—-C;42u'"" + 0(u*). (6)

This equation implies that C; < 3. This is a logical restriction, since it is known
that there are no zero velocity curves in the planar case for C; <3 — u(1 — u). In
the spatial case, there are zero velocity surfaces for values of C; > —u(l — u),
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but for values of the Jacobi constant between —u (1 — ) and 3 — (1 — w) these
surfaces do not intersect the z = 0 plane.

2. The Outer Solution

In this section, we will compute a bound for the error involved in the approximation
of the outer solution by a Keplerian orbit. Initially, we will estimate this error using
only that the distance from the third body P to the primary M is greater than u®.
Next, using the fact that the distance between P and M grows (at least for values
of ¢ close to t;), we will see that the bound for the error can be improved.

Assume that we have an orbit of the RTBP with initial conditions, at r = ¢;, on
the sphere B(M, 1*) and the velocity verifying the requirements mentioned at the
end of the preceding section. Moreover, suppose that exists #, > t; for which

Ry () = pn*, Ry(t) > p”, Yt e (1, ).

See the Figure 1. )
We denote by q = (R, R) the solution of the initial value problem,

q=G(q,n)+ F(q, n),

q) =g, = <§’j ) , ™)

L5r
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Figure 1. Example of behaviour of the outer solution in the synodic system (planar case). For this
example u = 1073 and o = 0.4.
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where the equations of motion (1) have been written as a first order system, so G
and F are defined by

R
_ _ R—-—R
6@m=( )= | a-w = |
1
0
Faw=( .0 )= R-R, | ®)
f(Ra/’L) _/"L R3
2

Let q,;, = (Rrp, RT g) be the solution of the two-body problem with the same
initial conditions as above, that is, the solution of

q=G(q,0),
q®) = q;. 9)

Since in these equations we have removed a term which, outside the sphere
B(M, %), is of the order p!=2¢, the following result holds.

THEOREM 2.1. With the preceding notations and hypothesis and assuming, fur-
thermore, that R = |R| cannot be arbitrarily small, we have that

Q) =q,, () +0W' ),  Vteln, nl

Proof. We write the solutions of (7) and (8) as
t
q(r) =q; +f (G(q(7), w) + F(q(7), w)) dr,
n

qTB(t) =q; +/ G(qTB(T), 0)dr.

n

Subtracting both expressions, it follows that

lq(®) — q,, ()]

t

</ |G(q(r>,m—G(qm<r>,0>|dr+/ F(q(e), )] dr .

n 3l

(a) (b)

Let us find a bound for the first term (a). The distance from P to the body E can
be written as

Rf = (X—,ucost)z—F(Y—,usint)2+Z2
= R?>—2u(Xcost + Ysint) + u?,
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were R?> = X% 4+ Y2 + Z2. Since P must come back to the sphere B(M, u%) at
! = 1, <00, its distance to the origin is bounded from above. By hypothesis it is
also bounded from below, so 0 <m < R < M, and we can write

X cost + Ysint
RZ

R1=R(1— u+0(;ﬂ)).
Using this equality, the fact that R is bounded and the expression for R, = u (cos ¢,
sint, 0)7, we can expand the function g(q, 1) appearing in Equation (8) in terms
of u to get

R —-R,

R
glq ) =—(0—-p)—5—=—73+ 0w =¢g(q,0) + O(w).
R R

Using this expression, the mean value theorem and that |DG| is bounded, the
integrand in (a) can be bounded as

1G(q(7), n) = G(q4 (1), 0)| DG 1q(7) — q5 (D) + Cip

CZ |Q(T) - qTB (T)l + CIM

NN

Now, let us bound the integrand in (b). From the definition of F in (8) and just
using that the distance from P to M, R,(t), is greater than u® for t € (1, tp), it is

clear that
2 2 o
|F(q(r), p)| = — < — = p' 2.

R_g\u}a

Therefore, we can set that

t
lq(t) — q,, ()| < Cop' ™ + Cy / lq(z) — q,, ()| dt,
1

where Cy and C, are suitable constants. Using Gronwal’s lemma (see, for instance,
Perko, 1996) we get

1_2aeC2(t_tl)’

1q(?) — g5 ()| < Cop Viteln,nl,

which ends the proof. a

We want to remark two things. First, to ensure that q,, is an approximation of
q it is necessary that o < 1/2, so we will assume this in what follows. Second, the
bound for the error in the approximation of the outer solution is due to the fact that
Ry (t) > n® so, if we can improve this last bound then we will be able to improve
the error for the outer solution.

Recall that we are assuming that for ¢ close to ¢, P is moving away from M, so
initially its distance grows and, for some time, it will be true that

Ro(t) 2 pu* + k@t — 1), (10)
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for certain k. If we use this inequality to bound (b), for the values of ¢ for which
(10) is true, we get

t t
(b):/ Mg < s dr
n Ro(7)? n (U +k(t —1))?

—1/k !
(M“ +k(t — 11));1
1 1
(W k(- tl))

-« o l—a
_ - 0 T
k ok —11) k

Suppose that k cannot be arbitrarily small, then this bound of (b) implies that the
error involved in the approximation of (R, R) by R, 5, RT ,) will be of order p' =,
for ¢ verifying (10), which is smaller than the bound obtained in Theorem 2.1. By
the same argument, we can obtain the same result for ¢ close to #. On the other
hand, if we are far enough from M, the error of the approximation will be also
small. For instance, with the same hypothesis of Theorem 2.1, it is clear that for
any time interval [z,, ¢/ ] for which R,(t) > w2 then

=

|Q(t) ! U (t)l < COILLI_aeCZ(’_fa).

Thus, we obtain that q = q,, + O (1' ™) near and far from M. It only remains
to see that R,(t) > u*/? for some time and that (10) is true, at least till P is at a
distance /2 from M. We will proof the following

LEMMA 2.2. Let (t) the solution of (7) with initial conditions (R;, Ri) such that
IR, —R,, (1) = n*, cosa>e¢e > 0,

for some ¢ (see (5). Then, there exists k > &' > 0 and to)> such that Ry(ty>) = ue/?

and
Ro(t) > pn* + k(t — 1), Vt € [ty, to)2].

Using this lemma and the preceding arguments, is easy to see that under the
same hypothesis as in Theorem 2.1, we have the following:

THEOREM 2.3. If there exists t; and t,, j2 such that ty < to)> < t 5 <h,
Ra(to2) = Ra(ty ) = ne2, Ry(t) > p** Vit € (ty, toy2)s
and the initial conditions verify that cosa > & > 0, then

qt) = q,, (1) + O(u'™), Vtelt,nhl
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We will use this result in the following sections, such that the terms of order
w' = will be neglected. For this reason, from now on we will impose that ;2% =
O(pn'=*) or, equivalently, o« > 1/3. Thus, we have « € (1/3, 1/2).

Let us now proof Lemma 2.2. We want to see that Rz(t) >k > Ofort €
[11, to/2]. We start with the Taylor expansion of R, () up to the first order

Ry(t) = Ro(t) + Ra(z)(t — 1)) = n® + Ra(x)(t — 1y). (11)

It is clear that, if at t = #;, P is leaving the sphere B(M, u%), R,(t) grows during
some time and its derivative must be positive. From R,(¢) = (Ry(¢), Ry(1))'/? we
get

. 1 .
Ry(1) = F(t)mz(t)’ Ry (1)).

As the condition of leaving B(M, u“) is expressed in synodic coordinates, (rp;, I;)
> 0, it will be better to rewrite the above expression as

Ry(1) = ﬁ(rz(ﬂ, £(1)) = v(7r) cos(a(t)),

where v(t) = |r(¢)| and a(¢) is the angle between the vectors r,(¢) and r(¢). Then,
. 1
Ry(t) = —(ra(t), ¥(t)) = v; cosa > 0,
ne

where a = a(t;). As it has already been said, we can assure that Rz(t) >k>0
for some time so it only remains to prove that this inequality is also true while the
distance from P to M grows from pu® to u®/2. Taking again a Taylor development,
we have that

Ry(1) = v; cosa + Ro(n)(t — 1y). (12)

We want a lower bound for R, so let us look for a lower bound for the second
derivative.

R(t) = _ngz(g) (ra(2), ¥(1)) + B0 (r(@), £(2)) + (r2(2), £(1)))
2 '2 .o .o
(@)= Ry(1) | (r(1),E(1)) > (rz(t),r(t)). (13)
Ry(t) Ry (1) Ry (1)
From the equations of motion (2), we can write
(ra(2), ¥(1)) = (r2(1), VRQ) + (ra(t), —Asr). (14)

(1) (n
For the second summand we have
(D) = 2(r2(t), (3, —%, 0)7) =2 (r(1) x £(1), (0,0, D)
> =2Ir(t) x 1) = —2r(t) v(2).
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If we compute V€2 and substitute its expression into (/), it follows that

1
(D) = (60O, @y 07) - — i) -2
rl I

(1) (I2)
The lower bounds for the terms (/;) and (/) will be:

() =z —d-w&—-—p+D=—-0-wnr@),

- low PR ()
(L) = 7 (ro,r) =2 —(1 'Uv)rf(t).

From the fact that u® <r,(¢) < u®/? and that the distance between the primaries is
one, it follows that 7 () > 1 — u*/? and

(L) Zra(t) (=1 = 2u** = 3u® — 4% + 0 (™).
Therefore, (/) can be bounded as

()= —r() 2+ 2p%% 4+ 3u% + 4u>?) — 1= + 0 (),
and, coming back to (14), it follows that

(ry (1), ¥ (1))
> — () Qut) +2 4 2p%% 4+ 3u% + 4177 — 1 + O (u*).

If in (13) we take only into account terms up to ©*, we can write
Ro(t)> —20() = 2= 2u" — u' 72" + O (u”). (15)

The final step is find an upper bound for v(¢). For this, we will use the Jacobi
integral (3) and the fact that x2 + y2<r? <1 — p + p*?)%. Then, we will have
that

1_
vt = —Cr+ 2y 42 2 T R e 34 o).

rn ri

Finally, from (15) and using the above inequality, we can establish a lower bound
for R,(¢):

Rt > — 2<1+\/3—C1)—2<1+%>Mo¢/2_
v Ly

— '+ 0 = —K,,

where K, > 0.
Let us use this bound in (12). Given k, we have that

Ry(t) >v;cosa — K,(t — 1)) >k > 0,
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only for values of ¢ such that t <#; + (v;cosa — k)/K, = t + At and, coming
back to (11), this implies that

R(t)>u®+k(t —1) forall ¢ e[, t; + At].

This was the relation that we wanted to proof. It remains to show that we can choose
k not arbitrarily small and such that exists #,/> < #; + At verifying Ra(fg/2) = pu®/>.
Let be A (¢) and h(t) be defined as /() = R (1) —p®/?, h(t) = u®—p**+k(t—1t).
They verify the following properties

h(t) = h(t) for t € [n, 1 + At],
h(t) = p* — p*? <0,
Ma/Z _ Ma

hit)=0 < t=t"=1+ 3

Suppose that t* <1, + At. Then h(t*) = h(t*) = 0 and, using Bolzano’s theorem,
we can conclude that there exists ., <t* <ty + At such that h(z,2) = 0 and
Ry (ty/2) = u®/2. So it is necessary to proof that exists k such that

a/2 _

o vicosa — k
<t1 +K—’
o

% 5

=1+

or, equivalently, that
pk) =k* —kv;cosa + K, (u** — u*) < 0.

We observe that p(k) is a parabola with vertex in k = (1/2) v; cosa, and that
p((1/2) v; cosa) < 0 if and only if

v2cos?a — 4K, (u** — pn%) = 0.

Using (6), we can develop this expression in powers of u to get

2

i

a2 Ma)

= (3—Cj)cos’a—8 (1 +/3— C,) P2 — 4132 L oue,
which is strictly positive because cosa cannot be arbitrarily small. Finally, we

observe that k = (1/2) v; cosa >¢&’ >0 since v; = /3 — C; + O(u'~%) and we
are assuming that cos a > €. This concludes the proof. a

v2cos’a — 4K, (u

3. p-q Resonant Orbits

In this section, we are going to find restrictions on the initial conditions that ensure
that an orbit is p-g resonant. Let us start with some notation. The synodic initial
conditions can be written in spherical coordinates as
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Figure 2. Fixed the initial position on the sphere B, there are different values of ¥ such that the orbit
comes back to B. The curves y; and y, are the qualitatively representation of two solutions of the
RTBP that come back to B tangently. All the orbits with initial velocity inside the cone displayed in
the figure return to the sphere B after some time.

u—14+ pu*cose cosb cos ¢ cos ¥
r; = 1 cos ¢ sinf , ri=v;| cos¢ siny |. (16)
1% sin ¢ sin ¢

For a fixed position on B(M, u*), defined by the values of the angle ¢ and 6, there
are different velocities for which the orbit comes back to B(M, u*). See Figure 2
for a qualitative representation.

We will write the spherical coordinates of the velocity, ¢ and i, as

¢ = ¢o+ Apu” + O™,
Vo= Yo+ Ayt + 0u). (17)
From now on, the subscript 0 will denote the zero order term of any development
in terms of u®. For instance, if a is the angle between r,; and r;, we will have
cosa = cosag + ACu® + O(u**), (18)
being
cosay = cos @ cos ¢y cos(f — Yy) + sing sin ¢y,
AC = AgAyY 4+ Ag (sing cos ¢y — cos ¢ sin ¢y cos(yy — 0))
and Ay = cos ¢ cos ¢g sin(@ — ).
First of all, we observe that the solution of the two-body problem, R, ,, must be
an elliptic solution with angular momentum, ¢, different from zero. Since R(¢) and

R, , (#) have both the same initial conditions, we can compute £ and ¢ in terms of
®, 0, ¢, ¥ and the Jacobi constant. Let us begin with the energy:

R[> 1
h = _—
2 IR;|
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On one hand,

Ri|> = jr;> =ry =201 = (i =+ D+ (1 = p)’
= 1 —2u%cosg cosh + O(u*).
On the other hand, |R,-|2 = |F]? 4+ 2(x; 5 — Xivi) + xi2 + yl-z, and using the
spherical synodic coordinates we get
|Rl~|2 =4 — C; —23—=Cycos¢g sinyy+
+ 2u%/3 — CyAQ sin ¢y sin gy +
+ 2u%y/3 — C;(—AY cos gy cos Y +
4+ cos ¢ cos ¢y sin(yg —6)) —

— 2u% cosg cos@+2<1 _ cos o sin o

l—o 20

Finally, we can write that

h = ho 4+ Ahp® +0(u'™), (19)
being
C
hg = 1— TJ —+/3 = Cycos ¢g sin Y,

Ah = /3 —C,; (A¢ singy sin g — Ay cos ¢y cos Yo +
+ cos ¢ cos ¢ sin(Yy — 0)) — 2 cos ¢ cosb.

Since for the elliptic orbits 4 <0, we will require that o < 0 or, equivalently,
that

V3—C; < cosdy siny + \/1 + cos? ¢y sin® Y. (20)

From this inequality we can deduce that C; > —2+/2.
The next condition to be required is ¢ # 0. As before, we can compute ¢ at the
initial conditions to get

c=R; xR, = G(t))(r; x F; + W),

where w; = (—x;z;, —yizi, X} + y?)T. As G(t;) is a rotation, it will be enough to
require that r; X r; + w; # 0. Since
W sin @
w; = 0 +0u™),
1—2u%cos¢e cosb
0
r; xXr =+3-Cy sin ¢y + O (u%),

— €0S ¢ sin Y
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it can be concluded that
Ir; x i +w;|*> = (3—C,)sin* ¢y +
2
+ (1 — /3 —=C, cos ¢ sin %) o),

and the condition that ¢ # 0 will be equivalent to

(3 —C,)sin? ¢y + (1 —/3=C, cos ¢y sin wo>2 £ 0.

As this expression is the sum of two squares, it will be fulfilled if one of them is
different from zero, so the final restriction will be

1
0, or sin y———N
¢0 # WO ;é m
provided that C; < 3.

Next, let us ask that at t =1, the distance from P to M must be u®. This will
give a relation between ¢, § and the coordinates of r; and r;.

In order to establish the final position of P we will use the approximation of R
by the elliptic orbit R, ,,. Using (4) we have that

R(t) = R, () +0(u'™) = R, (t; +27pt +8u*) + O(u'™)
= R,,(ti +27p7) + R, (t; +27pT)n®8 + O (' ™)
= R(1) + RS + O(u'™),

21

where we have used that u>* = O (u'~%), 27 T is the period of the Keplerian orbit
and the initial conditions for R and Ry are the same. Analogously, as 27 is the
period of the primaries, we have that
R, () = R, (11 +27q +&p”) + O(1™)
= R, (1) + R, (t)ep® + O (1),

Therefore, the condition we need is
IR(%) —R, ()| = [R(t) — R, (1) +
+ RS — R, (1)e) + O(u' )| = u®.

Using (16) and the relation between the sidereal and the synodic coordinates, it
can be seen (see Barrabes, 2001 for the details) that [R(,) — R, ()| = u*|w| +
O (u'~%), with

W? = 14 (e—8)>+@3—C,)8%+2(e —8)8/3 — Cy cos¢p sinfy +
4+268+4/3 — C; (cos ¢ cos¢ cos(yy — 6) + sing siny) +
+2(e — 8) cos g sinf. (22)

We can use the expressions (17) for ¢ and ¢ and the relation (18) to write (22) in
powers of w. Thus, the distance from P to M at #, can be written as |R(#;) —
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R, ()| = p*wo| + O(n'™) and the condition we will ask is |wg| = 1, or
equivalently,
(e—8)% 4+ 8B —Cy)+ 2(¢ —8)cos g sinf + 283 — C, cosag +
+ 2(e —6)5 /3 — Cycos¢g sinyy = 0. (23)

This equation represents an ellipse in the (8, ¢ — §) plane, except if the determinant
of the quadratic terms vanishes, which happens if 1 = cos? ¢ sin® y. This situ-
ation will not be considered in what follows because it implies that 6 and € — § can
take any real value and then #, could be arbitrarily large. Therefore, we will assume
that 1 # cos? ¢ sin® . In Figure 3, we have represented some of these ellipses
for different values of the parameters.

Fixed ¢, 0, ¢y, ¥ and C;, Equation (23) restricts the rang of values for ¢ and §.
From the definition of #, in Equation (4), it follows that there is a relation between
¢ — 6 and the period t (modulus 2r7) of the elliptic orbit which, at the same time,
can be written in terms of the initial conditions using

s L
2|h|
where £ is the energy of the elliptic orbit. Thus, we will have another relation to
take into account. Let us write it explicitly. On one hand, from (19), we get that

L_ ] <1 L A0 ey o ““)) 24)
— = —u W :
2|k 2|ho |70l
On the other hand, from Definition 1.1, it follows that
q e—34 o 200
T=—+ ut + 0 (™). (25)
p 2mp

Therefore, equating terms of the same order in Equations (24) and (25), we get the
following results:

/
1. (%) = ﬁ or, using the expression for 2|A|,
P\
C;—2+2/3—Cjcos¢g sim//o:(—> . (26)
q

This relation implies, in particular, (20). From it, we can get several information.
First of all, (p/q)** < C; —2+24/3 — C; <2, s0 p and ¢ must verify

<oV
q

Next, we observe that

2/3
2—-C;+ (g) ‘ <24/3 — Cy, from which we get that

» 2/3 » 2/3 » 2/3 » 2/3
(5) -2 () <o<(f) +2>-(5)
q q q q

= Cp. 27)

Cn
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Figure 3. Examples of ellipses represented by Equation (23) for different values of the para-
meters Cy, ¢, ¢o, 0 and 9. For p=1 and g=2, C; can take any value on the interval
(—1.711013183, 2.970934233). The figures on the top represent the ellipses in the planar case
¢ = ¢g = 0, for C; = 0.6299605255, 6 fixed and varying . The figures on the middle represent
the ellipses also in the planar case but with fixed values of 8 and ¥ and varying C ;. The figures on
the bottom represent the ellipses for C; = 0.6299605255. In the figure on the left v is variable and
in the figure on the right 6 is variable.

Thus, for fixed values of p and ¢, the range of admissible values for C; is
[Cs1,Cha] C (—2\/5, 3). On another hand, using (26), the restrictions given by
(21) can be written as

» 2/3
¢o 0 or C,;é<g) . (28)
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Figure 4. The area limited by the continuous curve defines the range of variation of the Jacobi
constant, (Cy1, Cyp), as a function of p/g. The dotted curve represents C; = (p/q)2/3, and these
values must be excluded if ¢y = 0.

A summary of the restrictions on C; are represented in Figure 4. Finally, |/| must
not be too close to zero. For this, it will be enough that %,uz‘” /hy = O(n'=®) or,
equivalently,

2/3
p _ _
<3) > et p > quieh32

This relation restricts the range of values of p and ¢ as a function of u. For
example, if we take o = 0.4, the maxim values for ¢ when p = 1 are

I 1073 10~4 1073 106

Gmae 7943 1584 316 63.09

2. Equating terms of order «* in Equations (24) and (25), we get

1 AR 1 /p\'’ 1
—=c|=) -,
2lhol lhol 3 \ ¢ p

and isolating ¢ — §, we get that

2/3
-8 = 6ng (1) (ﬁ(cosw cos ¢o sin(Yo — 0) +
p

+ A¢ sin¢g sin Yo — Ay cos @y cos Yy) — 2 cos ¢ cos 9). (29)
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Recall that ¢ — § must verify Equation (23), too. Since this is an ellipse in the
(8, € — &) plane, there exist k; and k, such that any point on the ellipse verifies that
ki < &€ — 8 < ky. This is the condition that we will impose on the value of ¢ — §
given by (29). The values of k;, i = 1, 2 can be obtained from Equation (23) and
are given by

coSay CoS ¢y Sin Yy — cos @ sinf — +/ Ak
kl - ) 9
1 — cos? ¢y sin” g
cosay CoS ¢ Sin Yy — cos @ sinf + +/ Ak
k2 - ) 9
1 — cos? ¢y sin”

being Ak = (cosay — 2cos ¢ cos ¢ sinf sin Y) cos ag + cos® ¢ sin” §. Observe
that k; <0 and &k, > 0.
So let us obtain the final condition. Denoting by

A(q)’ 0’ ¢0’ WO’ Ad)’ AW)

= A3 = C (cos@ cos g sin(yyg — 0) + A¢ sin ¢y sinyy —
— Ay cos gy cos Yg) — 2 cos ¢ cos b,

B(¢, 0, ¢o, ¥o)

COS ag €OS ¢y sin Yy — cos ¢ sin 6

1 — cos? ¢ sin® Yo
C(p, 0, ¢o, Vo)

(cosag — 2 cos @ cos ¢g sin 6 sin Yp) cos ag + cos? sin” 0
® ®

1 — cos? ¢y sin® Yo

’

’

2/3
where A = 6rgq <%> , the condition k; < &€ — é < ky becomes
[A(e, 0, ¢o, Yo, AP, AY) — B, 0, do, Yo)| < C(@, 0, ¢o, Vo), (30)

where the variables are restricted by (26) and (28).
As a conclusion we can establish the following result:

THEOREM 3.1. Let r(t) be a solution of (2) with initial conditions (r;, ;) on
the sphere B(M, u%). If it is a p-q resonant orbit, then the Jacobi constant C; €
(Cj1, Cy2) and the variables ¢, 0, ¢ and ', defined by (16) and (17), must verify

2/3
C; —2+2/3—Cjycos¢gy sinyy = <£> ,
q

2/3
¢ £0 or cf#(g) ,
|A(p. 0, do. o, Ap, AY) — B(p. 8. do. vo)| < C(g, 0. b0, Vo).
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4. The Outer Map

In this section, we will compute the position and the velocity (r,, r,) at the return
time #, on the sphere B(M, u*). As we have seen in the previous section, we can
write R(7,) in terms of the initial coordinates as

R(t) = R +R; 6 + O (™).
To derive an expression for the velocity at ,, we will use again that R, , approaches
the solution of the RTBP and the definition of #,:
R() = R, (0 +27pt +8u%) + O(u' ™)
= RTB (tl) + RTB (tl)S I’La + O(Ml_a)

R(tl) o 1—«
R(t1)38u + O ).

Using the fact that |R| = |r| and the Jacobi integral (3), it can be seen that
R; =1+ O(u*). Therefore, the out-map in sidereal coordinates is
R(n) = R+ RS pu® +0u'™),
R() = R —Ridp“ + 0! ™). (31)

= R(1) —

Now, we will write the outer map in synodic coordinates (the relation between
sidereal and synodic coordinates has been given in the first section). From the first
equation in (31), it can be obtained that

r(n) = GGt + (GE)E + G)r)s u®) + 0(u' ™)

1 (e=868u* 0
= | —(¢=8p~ 1 0 | ri+8ut + o',
0 0 1

From the second equation in (31) it follows that

() + GT ()G (t)r(n) = GT ()Gt + G — 8 u* G(t)r;) +

+0 ('™,
and, simplifying, we get

1 (e+dHu* 0

i) = —(e+8)u” 1 0| +o0w™).
0 0 1

In conclusion, the out-map in synodic coordinates is

-6

r, = (1 — (8 3 )/,LaA3) r; +8Mai'i, (32&)

- (1 G “2L %) M"‘A3) i, (32b)
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being / the 3 x 3 identity matrix. Next, let us specify each coordinate of the out-
map. We define ¢,, 6., ¢., ¥, and v, such that

u—1+4ry,cosge, cosb, coS ¢, Cos Y,
r, = 12¢ COS @, SIn B, , . =v, | cos¢, siny, |,
T2e sin Pe sin d)e

where r;, is the distance from P to M. It can be computed in terms of u® from
(32a). In fact,
. = W — (8 = 8)u” (ra, Aski) + 28 (Ko, E7) +
(e —0)°
4
Using (16), (18) and (6), the following identities can be obtained
(Asr;, Asr;) = 4(1 —2u%cos ¢ cos@ + O(u?®)),
(ry, Asr;) = —2u%cose sinf + O(u'™),
(i, 1) = V3 —Cy(cosag + n*AC + O ('),
) = —2/3— Cylcos ¢y sino +
1% (AY cos ¢y cos Yo — Ag singy sin Yo + Ag)] +
+O ('™,
From them, it follows that
2, = [ —2u% (e — 8)>cos ¢ cosf +2u8 /3 — C;,(AC +
+(e — §)(AYr cos ¢y cos g —
— A¢singy sin o + Ag)) + O (' ™).
Thus we get that rp, = p*[1 4+ u*Ar, + O (n'=%)] where
Are = 83— Cs[Ag(e — 8) + Ay (Ag + (g — 8) cos ¢y cos Yp) +

+ A¢ (sin @ cos ¢y — cos ¢ sin ¢y cos(g — 6) —
— (e — 8)singyg sinyy)] — (e — 8)2 cos ¢ cos 0, (33)

W (Asr;, Asr;) — 8(e — S > (Asry, 1) + 52M2avi2-

(Asr;, ¥;

where Ay = cos ¢ cos ¢ sin(6 — ).
Therefore, from (32a) and the expression for r,,, it can be shown (see Barrabés,
2001) that

cos @, cosf, = cosg cosB + 54/3 — C; cos ¢gcos Yy —
— |:8\/3 — Cy(A¢ sin ¢gcos Yy + Ay sin g cos ¢g) —

— (e —d)cosg sinf + Are<cosg0 cos6 +

+68+/3 — C; cos ¢y cos w())] + O0(u'™), (34a)
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cos @, sinf, = cosg sinf + 6+/3 — C; cos ¢y sin Yy + (¢ — ) +
+ u” |:8\/3 — C (AY cos g cos Yy — A¢ sin Yy sin ¢g) —

— (e —38)cosp cosb — Are<cosg0 sinf + (¢ —§) +

+8+y/3 — C, cos ¢y sin ‘”‘))} +Oou'™), (34b)

sing, = sing + 64/3 — C;sin¢gy + M“[S\B — CjA¢Q cosgy —
— Are(sin(p +68/3 —Cy sind)o)} + O(Ml_”). (34¢)

Now, from (32b), it is easy to see that v, = v; + O (u>*) and, then, if cos ¢ # 0,
it follows that

pe = ¢+ O™, (352)
Ve Vo + (AY — (e + )™ + O(u™). (35b)

5. Conclusions

In this paper, we have studied the behaviour of the p-g resonant orbits in the
spatial case. Both the analytical restrictions on the initial conditions and the ex-
plicit expressions of the outer map have been given up to terms of order u*. In a
forthcoming paper this study will be used to get solutions of the RTBP close to
periodic second species solutions.
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