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1 Introduction

In this work we give sufficient conditions for the existence of differentiable or analytical one
dimensional manifolds associated to an eigenvalue A and to a corresponding eigenvector v of
it. We consider first the case of local diffeomorphisms, the case of differential equations being
obtained easily from it. We look for the invariant manifolds through a parametrization which
gives the linearization of the map along them, that is, we look for ¢ defined on an interval of
IR such that

fle(t) = @(A).

We restrict ourselves to eigenvalues A of modulus different from one, the others being arbi-
trary, but different from zero. First we consider the differentiable case when the eigenvalue
is non resonant. In this case we get that if the map is C" with m bigger or equal than some
value k , related to the structure of the eigenvalues of D f(0), there is an invariant manifold of
class C™. If m is strictly bigger that k we get uniqueness. Then, for the sake of completeness,
the analytic non resonant case is considered. If the eigenvalue is resonant we construct the
bifurcation equation from which we obtain the conditions for the existence of solutions of
class C™. If we allow m to be strictly bigger than k, the bifurcation equation will give the
number of solutions of class C™ (which may be zero). The analytic case is also considered.

2 The differentiable case

Let U C IR" be an open set, 0 € U, and f : U — IR" a C™ map such that f(0) = 0 and
L = Df(0) is invertible. Let A be an eigenvalue of L such that | A |# 1 and v an eigenvector
associated to A.

Theorem 2.1. Suppose that N ¢ spec (L), for 2 < j < k — 1, and either | X |F<| p |,
Yu € spec (L) if | A |< 1, or | X |F>| p|, Vi € spec (L) if | A |> 1. Then if m = k there exists



a CF map ¢ defined on a neighbourhood I = [—p, p] of 0 such that p(0) = 0, ©'(0) = v and

flo(t) = p(At), Vtel. (2.1)

If m > k+1 there exists a unique C™ map ¢ satisfying the previous conditions (This contains
the case m = o).

Remark 2.2. The integer k need not to be the smaller one such that | X |F<| p |, Yu €
spec (L).

The case | A [> 1 can be immediately obtained from the case | A |< 1. Indeed, if | A |[> 1
and v is an eigenvector associated to A as in the statement, D f~1(0) has the eigenvalue A\~!
with eigenvector v with | A% |<| it |, Y € spec (L~!). Therefore we have a parametrization
¢ such that ©(0) = 0, ©'(0) = v and f~(¢(t)) = (A ~'t) with the stated differentiability
conditions. Hence ¢ verifies f(o(t)) = ¢(At). From now on we assume that | A [< 1.

We write f(z) = Lz + g(x) with g(0) = Dg(0) = 0. We take a norm in IR" such that
in the associated linear operator norm we have || L™ [|<| A |7%. We look for ¢ of the form
©o(t) = vt + o(t) with 0(0) = 0, 0/(0) = 0. With this notation equation (2.1) becomes

Bo(t) + g(vt+0(t)) =0 (2.2)
with Bo(t) = Lo(t) — o(At).

One may think of applying the implicit function theorem to equation (2.2) to get o in
terms of ¢g. This is indeed possible and permits to obtain that if f is of class C**! there is a
unique solution o of class C*.

The method does not give better differentiability results because to apply the Q-lemma
[1] to the functional operator associated to (2.2) we need for g to have one more degree of
differentiability than . The details are given in the appendix.

We shall work with the space
Ck ={o:1—IR"; o of class C*, ) bounded, o(0) = ¢/(0) = - -- = ¥ (0) = 0},

with a given closed interval I = [—p, p]. In fact p will play the role of a parameter which will
be made as small as necessary. In C[’f we introduce the norm

o [l=sup || o™ (2) |
tel

which makes it a Banach space.

If o € CF and t € I, by Taylor’s theorem we have

1 ! k-1 _(k) k Pk
o 1=l = /0 (1= )o@ sty ds < 5 o e,

and for 1 <j <k
k—j
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G et as < i

eW () |I=I
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By the same argument we even have that
(Ap)*~
(k—J4)!
To prove theorem 2.1 we begin by proving that there exists a unique polynomial p of degree
k with p(0) = 0, p’(0) = v, such that verifies equation (2.1) up to order k, that is f(p(t)) —
p(M) = ofth).

Indeed, we assume that the solution of (2.1) has the form ¢(t) = vt+asgt?+- - -+apt* +o(t),

e@ () 1< ok

with a; € IR", 2 < j <k, and ¢(0) = ¢/(0) = - -- = 0®)(0) = 0. Then (2.1) becomes
Livt +Y " ajt’] + Lo(t) + g(o(t)) = vAt + > aj(At) + o (At)
j=2 =2
so that
k . .
Zt] (L—=N1)a; =o0(At) — Lo(t) — g(p(t)). (2.3)
=2

Since M ¢ spec (L) for 2 < j < k then (L — M) is invertible. Since Dg(0) = 0 we can solve
recursively (2.3) for the orders 2 < j < k and obtain a unique solution for the coefficients a;.
In what follows we shall denote p(t) = vt + ast? + - - - + azt* the polynomial so obtained.

Therefore we have to solve
f(p(t) + (1)) = p(At) + o (At) (2.4)
for o in C(’)€ , which we rewrite as the fixed point equation
o(t) = L7 'p(\t) + L™ o(At) — L™t g(p(t) + o(t)) — p(t). (2.5)

Since we shall encounter the same equation in the study of the resonant case we study it
separately in the next section. Theorem 2.1 follows from proposition 3.1 below.

3 The fixed point equation

This section is devoted to prove

Proposition 3.1. Under the hypothesis of theorem 2.1, let p(t) be a polynomial of degree
k such that f(p(t)) — p(\t) € CE. Then, if m=k, equation (2.5) has a solution in C§. If
m >k + 1 it has a unique solution in C’(lf of class C™.

We begin by assuming that m = k. There exists rg > 0 such that V = B(0,rg) C U.
We may assume that for 1 < j < k, sup,ey || D’g(x) || is bounded. Let M, be a bound
of it. Moreover, since Dg(0) = 0 we have that M; = sup,cy || Dg(x) ||[< Marg, so that it
can be taken as small as necessary by taking an smaller ro. Let N; = sup,e; || p)(t) || and
N = max;<j<; N;. A very important role will be played by the quantity

a=| XM L7 < 1.



We take r > 0 and we let X, = {0 € C§; || o ||x< 7).
We define I' : 3, — X, by

Li(o)(t) = L™'p(At) + L™ o (M) — L™ g(p(t) + o (1) — p(D)-

First we shall see that if p is small enough I'y is well defined. Since | p(t) |=| p(t) — p(0) |<

Ni|t|and |o(t) |< G H o ||k, if p is small p(t) + o(t) € V. T'y(0) is of class C* with the k"
derivative bounded and by construction of p, I';(¢) and its derivatives up to order k vanish
at 0.

Let o € ¥,. To prove that I'; (o) € X, we have to bound
(C1(e)®(8) = ML PP ) + oM (A1) = LM g o (p+ )P () = p P (1)
By construction of p, (T'1(¢))®)(0) = 0, which implies that
ML (0) = pM(0) = L7 [g o (p + 0)](0),

but the left hand side is equal to A*L~'p*)(\t) — p(*¥)(¢) because p is a polynomial of degree
k. Then we can write

(T1(0)) () = N Lo (M) + L7 g o (p + )] M (0) = L7 [g o (p+ 0)] P (2).

The first term is bounded by a || o ||5. Let us call 61 (p) the sum of the remaining terms. Here
we recall the formula for the k** derivative of the composition goh, for h: I C IR — U C IR"
and g : U — IR",

(goh) ZZ (s s ) Diglh(@) (B9 (@), ..., h0D (a)),

where c is an integer which depends on j,4,7j1,...,7; and ), indicates sum over the indices
J1s---5Jisuch that 1 <j3 <--- <j; <iand j; +--- +j; = j.

01(p) can be written as

k
Y elkiisn, 5 D'g(O)0), . p (0))
=1 x*

k
Z Y elksisgi, . i) Dig(p(t) + o () (0 + )V (1), ... (p+0) 9 (8))],

with j1 +--- 4+ j; = k. We decompose the differences in telescopic form so that in any one of
them there is only one different argument. There appear terms of the form

D'g(0)(pY)(0), ..., pl(0) — pU(t) — (1), ..., pi(t) + oV (1)), 1<i<k, 1<1<i,

and
[D'g(0) = Dig(p(t) + o(t)((p+ )V (B),...,(p+ ) (t), 1<i<k.



The terms of the first form are bounded by
i -1 pr il
I-D*g(0) | N (Np + =——==7 [l o [e)(N+[[ o [|x)*"
(k —J1)!
Notice that the case j; = k only can happen when ¢ = 1 in which case Dg(0) = 0. The terms
of the second form are bounded by

p Jl .
WHUHIJ’ 1<i<k-—1,

L i
p
M1 (Nip + o | o Hk)H(N"‘ k-

=1
but for i = k we have to use the continuity of D¥g. If we make p small enough, since
k
| p(t)+0(t) [|< Nip+L; || o ||, we get that D¥g(0) — D*g(p(t) +o(t)) can be as small as we
need. Therefore lim, 061 (p) = 0, and hence || (T'1(c))*)(t) |< ar + 61(p) < 7 if p is small
enough.

Now we consider the sequence (o,,) defined by

og = 0,
Om+1 — Fl(orm).
By the previous argument, if p is small enough, o, € ¥, and then it is uniformly bounded.
We check that it is equicontinuous. In a precise way, let

m(0) = sup | Dg(z+Ax) — D¥g(z) |,
Az <s

and () 5
c @) + ¢
O T

with @ = Ni+ || o7, ||I< (NH—%T), B =a+ || L7t || My+0(p) and 02(p) a function which
tends to zero as p — 0 and ¢, co constants to be determined below. We assume that rg and
p are such that § < 1. We write AcF) (t) = o) (t+ At) — o) (t). Then we shall prove by
induction on m that if | At |< 6 with ¢+ At € I then || N (t) ||[< n(d). Taking into account

that [L~'p(At) — p(t)]® is constant and that || o1 (t + At) — o (1) ||< & || Aok (2) ||

we have

k
Aaﬁn-)i-l

k
+L—1 Z Zc(k?i;jla s 7.]1)
=1 *
[Dig(p(t + At) + om(t + A1) (PUV(t + AL) + o0V (8 + At),...)
—D'g(p(t) + om () (P (t) + oGV (8), .. )]
The terms in the last difference can be decomposed as

[D'g(p(t + AL) + om(t + At)) — D'g(p(t) + om ()] (P (t + At) + 0§V (t+ At), ...

() = N L7 A (1) (3.1)

+ Z Dig(p(t) + om@®)(...,pU (t + At) + o0 (¢t + At) — pUD () — oD (1), ...).
=1
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We notice that
I'p(t + At) + om(t + At) = p(t) — om(t) < (N1+ [ o7, [) [ At |< o | At ]
Hence the last terms of (3.2) are bounded by

LTI (M2(Ny | AE |+ (| Aoy (t) [D(Nit | o) 1)+ M || Ao (@) |

k—1
+ 0 elkyizgus i)
=2 *
[Mipa(Ny | At |+ | Ao (t) ) + D M(N+ || o )" (N | AL+ || Al )
=1

(e | At YN+ [ op, 1)*+ Y Mu(Nu || o, 1)1 (N2 | At |+ || A, (2) )]
=1

Then

1 A (1) 1< [at | 71 | My + 62(p)]n(8) + crm (@) + 26 < ().

Now we claim that there exist v < 1 such that

| o® D) — k=D (1) || < Ky, for all m > 0.

Indeed, for m=0 it is true. If it is true for m-1, we write

lo D(6) = oD@y < a | %D (t) - Dty |

m m—1

+ L7 [ go (+ om)] P () = [go (p+ om-1)]P() | .

Decomposing the last term in the same way as before we get, taking p sufficiently small, the
result for some v > a.

From the previous claims we obtain that (07(7’1C _1)) is uniformly convergent. Since all the

derivatives up to order k are zero at zero, o,, converges to some function o of class C*~1.

Also we have obtained that (J,(ﬁ)) satisfies the hypothesis of the theorem of Arzela. Then
k)
( (

o’ ) has a uniformly convergent subsequence and therefore the limit function o € C§.

Now we assume that f is of class C**1. To get the uniqueness of the solution of class
C*+1 we shall use the fiber contraction lemma in the following form [2].

Lemma 3.2. Let E, F be metric spaces and ' : E x F — E x F be of the form T'(x, A) =
(I'1(x),Ta(x, A)) such that

(1) 'y is a contraction,
(2) for all A € F, T'y(., A) is continuous in E,
(3) for all x € E, T'a(x,.) is a A-contraction with X\ < 1.

Then I' has a unique fized point, which is an attractor.



We check that I'; is a contraction:

I T1(o) = Tu(7) [l

= s L™ oAt = 7(A) = L™ g(p(t) + o (1) = g(p(t) + ()™ |

The norm of the first term is bounded by
AL o =7 e -

To deal with the second one we make use once more of the formula for the k™ derivative
of the composition and we decompose the differences in telescopic form so that in any term
there is only one different argument. In this way we get terms of the form

[D'g(p(t) + o (t)) = D'g(p(t) + 7(t)) (P (1) + o (8), ..., pU) (1) + 0V (1)), 1<i<F,
and

Dig(p(t) + o(t) (Y (t) + o1 (¢), ..., a0 (&) — 7900 (1), ..., pUd (t) + oV (1)), 1<i<E.
Then we need the bounds

| Diglp(t) + o(t)) = Dig(p(t) +7(2)) |
) k
< D™ 1) = 7(8) 1€ Miss 55 o =7 |1,
| p90(8) + 08 l|< e
for some ¢, and

k—7;
(d1) (41) A
o t T )< - o—T .

Therefore the bounds of all terms have the factor || ¢ — 7 ||x. One of them is a || o0 — 7 ||

and all the others explicitly have p as a multiplicative factor, except when j; = k. In such
case we have that [ =1 =17 and j = k. It occurs only in the term

I Dg(p(t) + ()W (t) + o®) () — Dg(p(t) + 7)) (") (2) + 7*)(2) |
<suppi<p, || Dg(@) [ o =7 lle=Miflo =7 k.

Then I'7 is a contraction.

Now we define I'y : X, X C{f — C’(’f by
Pa(0, A) = AL7'p/ (M) + ALTHA(M) — L™ Dg(p(t) + o (1)) (0 (1) + A1) — /(1)
It is continuous and T'y(,.) is a contraction. Indeed, if A, B € C¥

| Ta(0, 4) = a0 B) |
< INHLTAD O = BOOO] ||+ 1| L7 Dg(p(®) + () (A(D) ~ BN |-

The first term is bounded by

[ AL A = Bl



and the second one by
k L A .
1232 (%) 1Datote) + o)A - B |
=0

k J
< I () S E s D o) + ()0 + 0.
=0 i=0

*

P96 + 00 () | ?Z | A-Bl.

From this we see that all terms have a multiplicative factor p except the term corresponding
to 7 = 0. This term is bounded by

| L7 Dy(p(t) + o(0)(A(t) - BN < L7 || sup | Dy(a) ||| A~ B

|z|<ro

and supjg|<,, | Dg(z) ||, as before, can be made as small as we want. Then I's is a contraction.
By the fiber contraction lemma we get that I' has a unique fixed point which is an attractor.
Let 09 € C} of class C**1. By the definition of I's, I'(cg,0h) = (01,0}) with o1(t) =
L~ 1p(\t) + L~ Yoo(At) — L™1g(p(t) + o0(t)) — p(t). By induction I'"™(aq, 0f)) = (o, 0h,) and
it converges to a fixed point (o, A) of I'. Hence (o},,) converges uniformly to some function

Ain C¥ so that o/ = A and we get that o € C**+1,

If m > k + 1 we can take k; = m — 1 which obviously satisfies the condition | A [F1<| |
for all € spec (L) and we obtain a unique solution of class C™.

4 The analytic case

Theorem 4.1. Let U C IR™ be an open set, 0 € U, and f : U — IR" a analytic map such
that f(0) = 0 and Df(0) = L is invertible. Let \ be an eigenvalue of L such that | X |# 1
and N & spec (L), Vj > 2, and v an eigenvector associated to \. Then there exists a unique
real analytic map ¢ defined on a neighbourhood Q2 of 0 € C such that ¢(0) =0, ¢’'(0) = v and

flo(t)) = p(At), Vte. (4.1)

Proof By the argument which follows remark 2.2 we may restrict ourselves to the case
| A< 1. We write f(z) = Lz + g(z) with ¢(0) = 0 and Dg(0) = 0 and we look for ¢ of the
form ¢(t) = vt 4+ o(t), with o(0) = 0 and ¢’(0) = 0, such that f(¢(t)) = @(At). Hence the
equation for o is

Bo(t) +g(vt+0o(t)) =0,

with Bo(t) = Lo(t) — o(At). g extends analytically to a complex neighbourhood U of 0 in
C", being bounded on it. Let B, = B(0,7) C U be the ball of radius r centered at zero in
C", and Q= D(0,7/(2] v |)) € C. We introduce the Banach spaces

E ={g: B, — C"; real analytic, Dg bounded, g(0) =0, Dg(0) = 0},



with the norm || g ||= SUP¢e B, | Dg(<) |,
F={0:Q— C" real analytic, bounded in Q, ¢(0) =0, ¢'(0) = 0},

with the norm || o ||= sup¢eq || 0(C) || We write Fs = {0 € F; || o [|< d}, and we take
d=r/2.

We define I' : £ x F5 — F by
I'(g,0)(t) = Bo(t) + g(vt + o(t)).

It is easy to check that T is of class C', I'(0,0) = 0 and that D,I'(0,0)Ac = BAc. Now we
prove that D,T'(0, o) is invertible. Let ¢ € F, 1(t) = Y oo, bt*. Writing Ac(t) = S 02, axt,
the condition D,I'(0,0)Ac = v implies,

L Z apth — Z ap\Fth = Z btk

k>2 k>2 k>2

so that
ap = (L—=XD)"Yoy, k>2.

This provides the uniqueness of Ag. On the other hand, since | A |< 1 and the inverse
operator on linear maps is continuous we have (L — A¥I)~! — L=!'. Therefore the radius
of convergence of > ajtF is the same as the one of > bitk. Furthermore on Q we have
Ao(t) = L7L(a(t) + Ao (Mt)) which permits to extend Ao to some open set which contains
the boundary of €2 intersected by the domain of 1) and hence Ao is bounded on 2. Then we
can apply the implicit function theorem to I' in a neighbourhood of (0,0) and get o = o*(g).
Scaling the variables, if necessary, to have || ¢ || sufficiently small, we get a unique solution
of (4.1).

O

5 The resonant case

Now we consider the case when there exist indices p > 2 such that AP € spec (L). We shall
refer to such a A\ as a resonant eigenvalue and to such p as a resonant index. Now, in the
equation

Bu(t) — g(vt +u(t)) =0, (5.1)

the linear operator B is not invertible but we can apply the Lyapunov-Schmidt method.
Let k be such that | A |¥<| i |, Vi € spec (L). Let N; = Nuc (L—M 1) and Nj an arbitrary

complementary subspace in IR". Let R; = Im (L — M) and Rg» an arbitrary complementary
subspace of it.

Remark 5.1. If we have Nuc(L — \P) = Nuc(L — \P)? (that is, the Jordan box associated to
AP is diagonal) for the resonant indices then we have IR™ = Nuc(L — N\P) ® Im(L — N\P) so that
we can take Ny = R, and Rj, = N.



We consider the space F' of lemma 9.1 and we introduce the following subspaces

k
P = {Zajtj; a; € Nuc (L — N1)},
j=2

P = {Zajtj; CL]'ENJ/-},

k
Q1 = {>_a;t); a; € Ry},

j—2
Q2 = {Zaj 75 aj € R},
G = {aECk; o(0) = --- = oM (0) = 0}.

We have the decompositions F'= P & P, ® G and F = Q1 © Q2 ® G. Clearly Bjp, =0
and B: P, — @)1 and B : G — G are isomorphisms.

Let 1lg,, Illg, and Ilg be the projections to the subspaces Q1,Q2,G. We have Ilg, B =
Bllp,, IIg,B = 0 and UGB = Bllg. For u € F we write u(t) = pi(t) + p2(t) + o(t)
according to the first decomposition of F'. By means of these projections, equation (5.1) can
be rewritten as

Bpa(t) + g, [g(vt + p1(t) + p2(t) + o(t))] = 0, 5.2)
g, [g(vt + p1(t) + pa2(t) + o(t))] =0, 5.3)
Bo(t) + Hglg(vt + p1(t) + pa(t) +o(t))] = 0 (5.4)

Notice that actually equations (5.2) and (5.3) do not depend on o due to the projections Ilg,
and Ilg, In equation (5.2) we can apply the implicit function theorem to obtain ps = p3(p1, g),
since I, o g is a polynomial and therefore of class C*°.

We substitute ps into equation (5.3) and we get

Hg,lg(vt + pi(t) + pa(p1, 9)(8))] = 0. (5.5)

which is called the bifurcation equation. It is on a finite dimensional space. If it has solutions
p1 = pi(g) we substitute them in equation (5.4) which becomes

Bo(t) + alg(vt + pi(g)(t) + pa(pi(9), 9)(t) + o(t))] = 0, (5.6)
and can be rewritten as the fixed point equation
o(t) = L™ o(M) — L™ Tgg(vt + pi(9)(t) + p3(pi(9). 9)(t) + o (t))] = 0, (5.7)

which is of the form (2.5) so that proposition 3.1 applies to it and we have that if f is of class
C* equation (5.7) has a C* solution if f is of class C* and a unique solution of class C¥*1 if
f is of class Ck*1,
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In the analytical case we consider equation (5.6) for o € G, and we solve it by applying the
implicit function theorem in a similar way as in section 4. We define Ej, = {g € E; D/ g(0) =
0,0<j<k},and F,={0 € F; 0¥W(0)=0,0<j <k}, and I': E}, x Fj, — F}, by

['(g,0)(t) = Bo(t) + Hglg(vt + pi(9)(t) + p3(pi(9),9)(t) + o(t))] = 0.

As in section 4, T' is C*, T'(0,0) = 0 and D,T'(0,0) = B but this time we have to consider
B : G — G. The argument used in the proof of theorem 4.1, taking into account that
L — M1 is invertible for j > k, works here and we have that B is invertible.

Summarizing we have proved

Theorem 5.2. Let f: U C IR" — IR" be a C™ map such that f(0) =0 and Df(0) = L is
invertible. Let A € spec (L) and v be an eigenvector associated to it. Let k € Z be such that

| X F<| | for all u € spec (L), if | X |< 1, or | A |F>| u | for all u € spec (L), if | X |> 1.
Assume that m > k. Then there is a C™ solution of

fle(t) = e(At), ©(0) =0, ¢'(0)=wv,

if and only if equation 5.5 has a solution. Furthermore, if m > k41 or if f is analytic there
will be as many C™ solutions or analytic solutions as equation 5.5 has.

6 The general resonant case in IR’

In IR? an eigenvalue )\ is resonant if the eigenvalues are of the form A\, \? with p € IN, p > 2.
In order to deal comfortably with the bifurcation equation first we put the map in normal
form. The normal form is

f(z,y) = Az, NPy + ca®) + Opy1.

We look for the invariant manifold associated to A and v = (1,0). In this case P, =
a

{( g )tp; B € IR} = Q2 and Q1 = {E?;;ajtj—i— < 0 >tp; a; € IR%, @ € R} = P,. Now
equations (5.2), (5.3), (5.4) become

Bps + HQ1[< c(t0p<f.+_1_>)p ) = Bpa =0, (6.1)
O(tPT1h) (0

HQ2[< c(t? + ... )P > - ( ctP > =0 (6.2)

Bo(t) + Lalg(vt + pi(t) + pa(t) + o(t))] = 0. (6.3)

We see that the bifurcation equation is independent of p; and po. Therefore we have a solution
if and only if ¢ = 0. If ¢ = 0 the invariant manifold depends on an arbitrary p; € P;, that is,
it depends on a real parameter. From the previous section we have that if f is of class CP*!
(analytic), for any 8 € IR we have a unique CP™! (analytic) invariant manifold of the form

o(t) = (t,BtP) + O(t"*1),

if ¢ = 0, and none of this class of differentiability if ¢ # 0.
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7 One example in R®

Let f be a map such that spec (Df(0)) = {\1, A2, A3} with A\; = A\, A2 = A2 and A3 = \°.
Here we have the resonances Ao = A2, A3 = A§, A3 = A{A2, A3 = A202 and A3 = A3, We
assume that f is of class C", m > 6. In this case the normal form of f up to terms of order
6 is

f1($7yaz) = )\l‘,

f2(‘r’yaz) = )\2y+C.’E2,

fa(@,y,2) = Az+diy® + dor®y® + dsxty + dya®.
We look for the invariant manifolds associated to A and v = (1,0,0).

‘We have that
Py = Q2 = {(0,6t, nt%)},

6 6 5
P2 = Ql = {(Z O‘jtj’ZBjt]’Z’yjtj); ajaﬁ]/y] € IR}
=2 j=3 =2

Now equation 5.2 has the form

0
Bpa(t) + g, [| cz® (vt + p1(t) + pa(t))] = 0. (7.1)
d1y® + dox?y? + dzxty + dya®

Solving the 3 components of (7.1) for py in order we get that it is zero, so that p*(p1,g) = 0.
Therefore the bifurcation equation is

0
ct? =0. (7.2)
d103t5 + da6t5 + d36t% + d4t®

Then in order to have C® solutions it is necessary and sufficient that

c=0, (7.3)
d103 + d2(52 +d3d +dqg = 0. (7.4)

Notice that equation (7.4) has one, three or oo real solutions for §. Hence if ¢ = 0 there will
be C™ (analytic) solutions of the form

©(t) = (t,6t%, nt%) + o(t9).

with 1 € IR and 6 being a solution of (7.4). The solution of this form will be unique if f is of
class C™, m > 7 (analytic).

8 Differential equations

The analogous results for differential equations are immediately obtained considering the time
1 map.
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9 Appendix

Here we show how to apply the implicit function theorem to get a C* solution of equation
(2.2). We assume that | A [F<| u | for all g € spec (L). Let rg > 0 be such that V =
B(0,79) C U. We introduce the spaces

E ={g e C*(V,IR"); D7g bounded ,0 < j < k+ 1, g(0) = 0, Dg(0) = 0}

with the norm

- DI
gl 02K, | Sup | D?g(z) |,

T

and
F ={o € C*([-p,p],R"); 5(0) = 0,0'(0) = 0}

with p=7/(2 | v ||) and the norm

_ ()
o= e, sup [l o(8) |

Let Fs be the ball of radius § in F.
We define I' : £ X F,.jp — F by

I'(g,0)(t) = Bo(t) + g(vt + o(t)).

I is well defined, is of class C'* by the Q-lemma , I'(0,0) = 0 and D,I'(0,0)Ac = LAc—Aco.
Let B = D,I'(0,0). In the next lema we shall prove that B is invertible.

Now we can apply the implicit function theorem to I' to obtain that there exists a C!
function o = o*(g) such that I'(g,0*(g)) = 0. It provides a unique C* solution o of I'(g,0) = 0
in a neighbourhood of (0,0). Finally we recall that given a function f as in the statement,
g = f — L can be made as small as we want by scaling variables in the usual way.

Lemma 9.1. The linear map B : ' — F is invertible.

Proof Let P* = {ast? + - - + a4t*; a; € R"} C F and F¥ = {o € C¥; 5(0) =

- = o¢®(0) = 0}. Clearly F = P* @ F* is an invariant decomposition of F. Let B =
Bjpr : P¥ — P¥ and By = Bjpi : F¥ — F*. Let 0 = agt? + -+ + axt" and Bi(0) =
Z;?:Q [Laj — M aj]t! = 0. This means that La; — Ma; = 0 for 2 < j < k but since A’ is not an
eigenvalue we have a; = 0, Vj. Then B is one to one and hence invertible since PF has finite

dimension. Now we are going to prove that By is invertible. To show that By : F¥ — F¥ is
onto we check that C': F¥ — F* defined by

o0

C)(t) =D LN 1),

J=1

is well defined and satisfies BoC = I. First we define 1;(t) = L™/ (N~'t). The series of the
k' derivatives is

Z L7INRG=D (k) (N =14,

i>1
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It is uniformly convergent since it is majorated by

DOIAFOIRLT I l= D I (AR L)y

j=21 Jj=21

and | A |¥|| L=7 ||'/7 tends to a limit less than one. Furthermore ZjZI wj(s) (t) converges at t =
0 for 0 < s < k because w§s)(0) = 0for 0 < s < k. Therefore 1/1](-5) (t) converges uniformly
and so Y ;(t) converges to some function of F*. Bo(3 i1 %) = D51 L=0=Dgp(N~1t) —
> j>1 L=I4p(Nt) = 9)(t). To show that By is one to one let o € F* such that By = 0. Then,
derivating k times this relation we have

Lo® () = Afa® (At).
It follows by induction that for all ¢ > 0
c® () = NFL 7 ) (Xt),

so that ¢ (t) = lim; 0o N L~2a®) (Xit), but || XF L~ [|< (| A |¥]| L~ ||)’ tends to zero and
therefore ¢(*) (t) = 0. This implies that o € P¥ N F*¥ = {0}. O
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